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Almost thirty years after the first known publication on saltwater 
problems published in 1855 by Braithwaite, two investigators developed 
an approximate theory to find the boundaries of fresh water lenses in 
coastal aquifers (12). Their theory is now known as Ghyben-Herzberg 
theory. Under normal conditions, assuming fresh water and the denser 
salt water to be immiscible liquids, which is untrue in practice, a 
sharp interface is formed between the flowing fresh water and the 
underlying salt water. The steady position of the interface so formed 
is maintained by the hydrodynamic equilibrium between the fresh water 
and salt water potentials along the interface. Fresh water and salt 
water are actually miscible liquids and therefore the zone of contact 
between the two liquids will be a transition zone caused by molecular 
diffusion and hydrodynamic dispersion (18), rather than a sharp inter-
face. 
Statement of the Problem 
The case of a confined, heterogeneous, and isotropic aquifer of 
infinite extent is considered in this study. Furthermore, it is con-
sidered that there is a static salt water body underlying the fresh 
water region. In the aquifer, the hydraulic head (Peizometric head) 
in the freshwater region is higher than that of the salt water region. 
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This study aims mainly at the simulation of the aquifer in order to 
predict the future peizometric level in the fresh water region with 
respect to some pumping schedule in specific areas of interest and 
then to estimate the location of the saltwater interface. 
Objective and Scope of the Study 
The objectives of the present study are; (a) to simulate for a 
confined aquifer which is not located in coast line but contains a 
saltwater body underneath the freshwater region, (b) to study the 
phenomenon of local upconing of the interface with respect to the above 
simulation. 
A numerical model using the finite difference technique is devel-
oped in a two~dimensional physical plane. The Alternating Direction 
Implicit (ADI) Scheme is used as the solution technique. The solution 
scheme gives options to simulate a confined groundwater flow problem in 
homogeneous or heterogeneous, isotropic or anisotropic conditions for 
cases with or without a salt water body underneath the freshwater re-
gion. Furthermore, the model handles the equal or variable grid 
spacings in any direction. Variable pumping schedules and category 
map printout for the freshwater level and salt water interface levels 
have been incorporated into the simulation program. The model can 
also handle leaky artesian condition. An attempt is made to apply 
the model to the Yukon well field area of the Garber-Wellington forma-
tion in Oklahoma. However, the model application is.limited to simple 
prediction of the factors in it, due to lack of essential well records 




Muskat and Wyckoff (17), and Muskat (16) analyzed an idealized 
problem of upconing of the oil-water interface in a homogeneous forma-
tion of saturated oil zone overlying a water zone with the water being 
assumed in a static equilibrium condition. The interface in their 
analysis upcones towards a partially penetrating well pumping oil from 
the upper zone. They presented the fundamental physical principles of 
water-coning as referred to individual wells and then concluded that 
the critical nature of a water cone is marked by the accelerated rise 
of the cone as an oil-production rate is increased with the final attain-
ment of instability when it has reached a point some 50 to 75 percent 
of the height to the bottom of the well; at the upper portion of the 
region of stability the cone is observed to be extremely sensitive to 
small changes in pressure differential, i.e., oil production rate. 
This leads to the fact that for a given average pressure differential 
or production rate a steadily flowing well will induce a lower cone 
height than one in which the flow is intermittent. 
Meyer and Garder (15) derived an approximate solution for the 
maximum production of oil from a reservoir without having the affect 
of gas or water upcone in a partially penetrated well section. The 
assumptions they made in their study included a homogeneous reservoir 
that extends radially from the well a distance sufficiently larger 
3 
than the well diameter; the fluids are initially in horizontal layers; 
and no flow takes place in the gas or water zone. 
Bear and Dagan (2) studied the upconing of interfaces in aqutfers, 
in detail, to obtain exact solutions for several simplified cases. 
Using a hodograph method, an exact solution for the shape of the inter-
face was obtained for the case of a point sink withdrawing water above 
a horizontal interface in an infinite, two-dimensional flow field. 
The solution was obtained only for the critical situation when the 
interface upcones into the drain. With the hodograph method he also 
investigated the critical solution case of a sink located on the im-
permeable boundary above an initially horizontal interface in a semi-
infinite aquifer. After these studies they concluded that Muskat 1 s 
approach yields approximate qualitative results, but cannot be employed 
when a quantitative solution is required. To develop a theoretical 
equation for upconing of an interface in an unconfined aquifer they 
considered the general case based on Dupuit assumptions. They con-
firmed the agreement of their theoretical solution with the experimen-
tal results that they conducted on the Hele-Shaw model. 
Wang (29) reported an approximate theoretical analysis for a 
partially penetrating well being used for skilTITiing off fresh water 
overlying saltwater; and elucidated the interrelation between well 
spacing, well depth, rate of pumping, thickness of aquifer, and den-
sities of fresh water and salt water. Wang assumed an unconfined 
aquifer with a sharp interface between fresh and saline water and 
concluded that there is a rapid fall-off in production above and below 
the optimal distance of penetration; there is a sharp upper limit, for 
a given set of aquifer constants, to the amount of water that can be 
4 
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pumped without entrainment of saltwater; there is an increase in maxi-
mum discharge, with other factors being held constant, as the difference 
of the densities of the two layers of fluid increases. 
Schmorak and Mercado (23) presented an analytical expression 
(reported as being developed by Bear and Dagan) describing upconing 
of an interface as a function of time and distance from the pumping 
well partially penetrating a relatively thick coastal confined aquifer. 
The assumptions underlying their theoretical approach were that the 
porous medium is homogeneous and nondeformable, that the two fluids 
are incompressible and separated by an abrupt interface (a geometric 
surface), and that the flow obeys Darcy's law. Their theoretical solu-
tion was an approximate linearized development of the problem based on 
the method of small perturbations. 
Pinder and Cooper (20) presented a numerical technique for deter-
mining the transient position of the saltwater front and the pattern of 
flow under the effects of dispersion involving irregular boundaries 
and nonuniform permeability. They used the method of characteristics 
in conjunction with the iterative alternating direction implicit pro-
cedure to solve the equation of groundwater flow and the equation 
governing the transport of the dissolved salt. Further assumptions 
made in their study include - release of water from storage has a 
negligible effect on the movement of the saltwater front; porosity 
and dynamic viscosity are constant in time and space; and the dispersion 
coefficient is constant in time and space and is a Scalar. 
Strack (25) studied the influence of drains on the shape of the 
interface in coastal aquifers. He considered that freshwater is 
supplied from above (for instance infiltration water, supplied by 
canals, lakes, etc.) which is approximated by considering the upper 
boundary of the flow region as straight lines of constant head. He 
also assumed a homogeneous and isotropic medium with a very low flow 
rate in the saltwater region compared to the freshwater zone and hence 
neglected (i.e., the Static Saltwater zone). He solved for the inter-
face in normal case and the case of upconing with drains by using the 
method of conformal mapping and hodograph. With the result of a test 
running in a parallel plate model he reported the satisfactory agree-
ment of the formulae derived. 
Sahni (22) evaluated the validity of the available steady state 
solutions of Wang (29) and Muskat and Wyckoff (17) to coning problems 
for axisymmetrical flow towards a well. He verified with the help of 
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a physical model study that the highest stable cone always occurs with 
its apex at a lower elevation than the bottom of the well, which was in 
agreement with the findings of Bennet et al. (3) based on their elec-
tric analog studies. He also elucidated the physics of coning phenom-
enon beneath a freshwater skimming well in an unconfined, homogeneous 
and isotropic aquifer. 
Streltsova and Kashef (27) and Kashef and Smith (14) reported some 
approaches and their validity while studying critical state of saltwater 
upconing beneath artesian discharge wells, and expansion of saltwater 
zone due to well discharge for coastal confined aquifers. Kashef and 
Safar (13) studied the fresh-saltwater interfaces for coastal artesian 
aquifer using finite element and hydraulic force techniques. 
Chandler and McWhorter (5) investigated the upconing of saline 
water in response to pumping from an overlying layer of fresh water 
for a single well by numerical integration of the governing differential 
equation. They considered the transition zone between the fresh and 
saline water as an abrupt interface; there exists a steady flow toward 
partially penetrating pumping well in an isotropic and anisotropic, 
unconfined aquifer. They reported that an anisotropic medium with 
lower vertical permeability than an isotropic aquifer maximizes well 
discharge being free from salt contamination and also increases opti-
mum depth of penetration of the pumping well. They compared their 
model results with the approximate analytic solution by Dupuit-
Forchheimer assumptions and found that discharge computed by the 
numerical model was 1.7 percent higher than that by the latter. 
Strack (26) discussed two three-dimensional interface flow prob-
lems in a shallow coastal aquifer with a fully penetrating well (having 
two zones, one adjacent to the coast and bounded by interface; and the 
other bounded by an impervious bottom) by using the single-potential 
technique. The first problem is one of unconfined interface flow 
where the upper boundary is a free water-table; the second one being 
of confined interface flow where the upper boundary is horizontal and 
impervious. He illustrated the use of single valued potential for an 
analytic technique and suggested its use in finite difference and 
finite element technique that may have some advantages over the analy-
tic one. His discussion based on Dupuit-Forchheimer assumption was, 
of course, restricted to cases of steady state flow with homogeneous 
and isotropic medium. 
Das Gupta (7) used finite element techniques to obtain a solution 
for the shape and location of two unknown boundaries (free surface and 
interface) simultaneously along with the freshwater discharge to the 
sea. He assumed a steady, two-dimensional flow in a homogeneous and 
7 
isotropic phreatic aquifer with the freshwater zone overlies a static 
saltwater body; and the fresh and saltwater are immiscible. He also 
extended his numerical scheme to study the upconing of interface in 
the presence of an infiltration gallery system. He concluded that for 
the upconing case, the vertical component of flow is predominant in 
the vicinity of the gallery, and the effect of the upconing of the 
interface on lowering the water table head at the upstream boundary 
is negligible for the higher domain length-head ratio. 
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Rubin and Pinder (21) presented an estimate of the effect of salin-
ity dispersion on the dynamics of flow as well as on salinity distribu-
tion in coastal confined aquifers with the help of a phenomenon that is 
described as migration of a sharp interface perturbed by small distur-
bances due to salinity dispersion. They considered both pumpage from 
an infinite strip of wells and from a single well with an assumption 
that a sharp interface between fresh and saline water initially exists 




The mathematical formulation of the problem considered in this 
study consists of two steps. The first step describes the development 
of the partial differential equations which represent the flow phenom-
enon of a fluid in an aquifer. The second step elaborates the theory 
of movement of an interface formed by two fluids. 
A brief review of the development of equations which describe flow 
of single phase fluids in porous media is presented in this section. 
Darcy's Law and Hubbert's Potential 
Darcy's law may be expressed as 




where, q is the superficial velocity or specific discharge through the 
porous medium; K is the proportionality constant; k is specific permea-
bility of the porous medium; g is acceleration due to gravity; p andµ 
are density and viscosity of the fluid respectively; h and L are hy-
draulic head and flow length respectively. 
Hubbert (11) introduced the concept of the potential ~ to relate 




where, z0 and p0 are elevation and pressure at an arbitrary datum 
plane in the porous media, z and p are the elevation and pressure at 
a point where the potential is to be evaluated and the density, p, is 
regarded as a function of pressure only. If the hydraulic head (or, 
Peizometric head) is defined as: h = ~/g, then equation (3.1) may be 
written in terms of 
(3.3) 
Darcy's law extended to three dimensions in an anisotropic porous media 
is given by the following equations when the axes of the coordinate 
system coincide with the principal axes of the permeability tensor (1). 
k pg ah qy = - kypg ah qx - - x ax Cly µ )J 
q = - kzpg ah (3.4) 
z -- az µ 
Fluid Flow Equation by Conservation of Mass 
Consider fluid flow through the differential element of porous 
media 6x6y6z as shown in Figure 1. A fluid flowing through this media 
must satisfy the requirement of conservation of mass. The law of con-
servation of mass states that 














Fiqure 1. Control Volume for Derivation of 3-Dimensional 
Continuity Equation in Cartesian Coordinates-
Freshwater 
Saltwater p Interface 
Figure 2. Dynamic Equilibrium at an Abrupt Interface 
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(pq ) (6x6y6t) + Q t6t z z+6z ou (3.6b) 
(Change in Storage) = [ ( 6p )t+6t - ( 6p )t] to.xt:.y6z (3.6c) 
where, (qn)n+6n represents specific discharge in the direction of n 
at the location of n+6n; Qin and Qout are the mass rate added to and 
withdrawn from the differential element considered per time step; and 
e is the porosity of the media. Substituting equation (3.6) into 
equation (3.5), dividing throughout by (6x6y6z6t), and taking limit 
that 6x6y6z and 6t are infinitely small (that is, approaches zero); the 
partial differential equation describing the conservation of mass in 
porous media is obtained which is known as the continuity equation for 
fluid flow in porous media is given by 
where, Q is the net rate of mass added to the porous media per unit 
volume from an external source such as an injection well, recharge or 
discharge boundary, source or sink approximation. 
Substituting Darcy_' s Law, equation (3.4), into the continuity 
equation (3.7), the governing fluid flow equation is derived as 
a + Q = - (pe) 
at 
2 
.zb.. ) + ~ (kzp g 2-h) 
ay az · az 
]l 
(3.8) 
The right hand side of the above equation represents the rate of change 
of storage (rate of accumulation) of fluid per unit volume due to 
12 
changes in the density of the fluid and the porosity of the porous 
media with time. Considering the compressibility of the grannular 
skeleton of the porous media to occur in the vertical direction, Davis 
and DeWiest (8) derived an expression as 
88 - an 
--a(l-e).:x.. 
at at 
where, a is the one dimensional vertical compressibility of the porous 
media and p is the internal fluid pressure. Therefore, 
a an 
- ( p e) = [ pa (1 - 8) + p 13 8] .:x.. 
at 8t 
where, sis the fluid compressibility (given by ap = p13ap). 
(3.9) 
Using 
Leibnitze's rule for the differentiation of integrals, the following 
can be expressed: 
~ = .L [ z + l JP ~ ] = L . ~ 
at at g · o P pg at 
Specific storage factor of a porous medium can be given by: 
Ss =pg [a(l - 8) + 138] 
(3.10) 
(3.11) 
Substitution of equations (3.9), (3.10) and (3.11) into equation (3.8), 
yields: 
2 ~ ) + .L ( kzp g ~ ) + Q 
ay az · az µ 
(3.12) 
Considering a fluid with constant density and a constant viscosity 
flowing through the porous media and that k = knpg is the proportion-
n µ 
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ality constant defined as the coefficient of permeability (or the 
hydraulic conductivity), equation (3.12) be rewritten, in a simpler 
form, as 
L (k l!l) + L (k l!l) + L (k l!l) + Q = s l!l 
ax xax ay yay az zaz sat 
Phenomena of Fresh and Salt-Water Interface 
(3.13) 
Freshwater and saline water are miscible and at their contact 
(interface), they tend to mix by molecular diffusion and macroscopic 
dispersion. This leads to the fact that they are not separated by an 
oil-water type of interface, they do not constitute distinct fluid 
phases, and there is no pressure discontinuity where they are in con-
tact. As a matter of fact, the boundary conditions on an interface 
take the form of two non-linear partial differential equations in hf 
and hs' which makes the direct derivation of the shape and position 
of an interface a practically impossible task. Even numerical methods 
fail here (1). Therefore, it is assumed that freshwater and saltwater 
are separated by an abrupt interface, as described in Figure 2; they 
have distinct and uniform densities; and that all fundamental idea and 
essential features of the interface are preserved. A potential ¢ can 
be defined for each of these fluids as follows: 
(3.14) 
(3.15) 
where, p is the pressure, p is the density, z is the elevation of the 
point under consideration measured above some arbitrary datum, and the 
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subscripts f and s denote fresh water and salt water respectively. 
Since it is assumed that no pressure discontinuity exists across 
the interface, at any point Pon the interface pf= ps =pi, the 
pressure at the interface, denoting the elevation of p by z. and elimi-
1 
nating pi from equations (3.14) and (3.15) results in 
where, the suffix i refers to the interface. 
z. 
1 
= PS ¢is - pf ¢if 
ps-pf ps-pf 





= (ps/6p) ¢is - (pf/ 6p)¢if (3.16) 
Equation (3.16) can be used to describe the interface, if the po-
tentials ¢is and ¢if are known at a number of points along the inter-
face. If flow exists in both fluids (that is, if both potentials vary 
along the interface), the shape and position of the interface depends 
on the velocity components along the interface in both fluids. If the 
Saltwater zone is assumed to be in static condition then the potential 
¢is is the const~nt throughout this zone and hence the location of the 
interface is a function of freshwater potential only. Assuming the 
above condition is valid, the elevation difference between any two 
points A and B on the interface is given by 
(3.17) 
Further, it may be of interest to determine the slope at a point on a 
stationary interface. Differentiating equation (3.16) with respect to 
s, distance measured along the interface, slope of the interface at any 
point along it is given by 
___ az ___ Ps acpi s Sin e as Lip as 
or, 
1 pf PS Sin e = - (- qf q ) K Lip - ~ s (3.18) 
where e is the angle that the interface makes with the positive x-
direction. 
With the assumption of static saltwater zone, equation (3.18) re-
duces to 
(3.19) 
Equations (3.17) and (3.19) represent the conditions usually being sat-
isfied along the interface in the fresh water zone while obtaining the 
shape and position of the interface between the fresh and salt water. 
Governing Equation 
Equation (3.13) can be wfitten for fresh water region as 
(3.20) 
where, v is del-operator and is defined as v = .!... + .!... + .!... 
ax ay az 
Assume that F (x, y, z, t) = 0 defines the shape and location of the 
interface. Denoting the elevation of points on interface by s = s (x, 
y, t), the relationship for F becomes 
16 
z = r; (x, y, t); or, F = z - r; (x, y, t) = 0 (3.21) 
The pressure at a point P (x, y, r;) on the interface is the same when 
approached from both sides. Hence, from the definitions of hf and h5 
we have 
or, r; (x, y, t) = (1 + o) hs - ohf (3.22) 
Once the distribution of hf = hf (x, y, z, t) and hs = hs (x, y, z, t) 
is known, equation (3.21) becomes the sought equation for F (x, y, z, t) 
F = z - hs (1 + o) + hf o = o 
The boundary conditions on the interface are as follows: 
(a) Same specific discharge on both sides, 
on F 
(b) Same pressure on both sides, 
Now, by integrating equation (3.20) along the vertical, making use of 
Leibinitz rule, the following is obtained for the fresh water region. 
(Refer to Figure 3) as 
s2 
\J I • f qf dz - qtl v'r; 
s1 s2 2 
17 




l . . . . .. ... .. .. .. ... .. .. ... .. .. _- ·. ·. ~ : : : · : · . ·. ~ .· · . Sai.t -~J_il·t~r- zo·~e· · .· ·. · ·. 
l;l ( x ,y) . . 
f 
s (x,J() ;x )< X x Datum 
Figure 3. flomencl ature for an Interface in an Aquifer 
+q.;J .11•1;:1 
s2 
+ J aqfz dz (3.23) I Sl r: 1 az 
a s2 
- hf I ai;:2 ) + s (ar J hf dz = 0 sf L:1 s2 at 




Assuming hf::: hf j ;:2 =hf I si' that is vertical equipotentials, which 
is equivalent to the Dupuit assumption, following is obtained from 




+ S b ahf = o f 5 f at 
b q• = J q• dz = Q1 f f si f - f 
(3.24) 
Along with these approximations, it also has from equation (3.22) 
- -
;: 1 = (1 + a) h5 - hf 
and F = z - i;: 1 = z - (1 + o) h + ch = O 
s f 
as the equation describing the interface and satisfies 
(3.25) 
19 
aF 8 at + qf. VF = 0 
or, 
- -
e (1 + o) ahs - ea ahf = qf l v (z - ~1) 
at at ~1 
in the fresh water region. 
For a phreatic surface, it follows that 
aF 
e at+ ( q - N). VF = O; N = - N z 
-
e ahf = (qf - N) v (z - ~ 2 ) = 
at 
-Fqr qf we obtain 
K' 
= - f 
bf 
-Kl r7 I h 





By combining equations (3.24), (3.26) and (3.27) the following is obtain-
ed for the fresh water region as 
-v. (bfKf' . v'h ) + e (1 + o) ahs 
f at 
-
- [ e (1 +o) + s bf] ahf + N = o 
sf -rr 
For a confined aquifer, sz = s2 (x, y) and the fresh water equation 
(3.29) reduces to 
-
, / + e ( 1 + ") ahs v s2 - qfz u 
s2 Tt 
- (eo + s b ) ahf = a 
sf f Tt 
Since at an impervious boundary 
-q'I .l7's2+q I 
s2 Z s2 
_q, .l7(Z-s2)=0 
s2 
Therefore, equation (3.30) reduces to 
- -
17 1 • (bf Kf . l7 1 hf) + e(l + o) a:~ - (eo + ssf bf) ::f =a 
Similarly for the salt water zone, it can be written as 
- -
17 I • (b K' • v'h ) - [S b + e (1 + o)l ahs + e ahf =a 






Further, if it is assumed that the salt water zone is static, i.e., there 
is no change of salt water potential along the interface with respect to 
-
time, hs = a constant, then equation (3.32) does not exist and equa-
tion (3.31) becomes 
-
= (ea + s bf) ahf 
sf at (3.33) 
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If sinks (e.g. wells) are located in the fresh water region, the term 
-Qf (x, y, t) or -Qf (xi' yi, t) 8 (x-xi' y-yi) is added on the left hand 
side of the above equation and it becomes in expanded form (after taking 
out the subscript f for fresh water), as: 
L (b K lh.) +_a (b K ~)=(ea+ Sb) ~th+ Q8(x-x1., y-y1.) ax ax ay ay s o (3.34) 
If the upper confining layer is leaky, then the leakage term is added to 
the above equation and then it becomes 
L (bK ~) + L (bK it!.)= (ea+ s b) it!. +Qo (x-x., y-y.)+;..:bK: (h-h') 
ax ax ay ay s at 1 1 
(3.35) 
where, super script ( 1 ) means the values of the upper confining layer. 
This is the governing equation to be solved in this study. 
Boundary Conditions 
Boundary conditions for this type of problem can be defined as 
follows and are illustrated in Figure 4. 
Impermeable Boundary 
At impermeable boundaries, the specific flow rate is zero. Mathe-
mati ca lly, 
ah) (q ) = - K (- = 0 
n B n an B (3.36) 
where, the subscript n refers to the coordinate direction normal to the 
impermeable boundary and B symbolizes the boundary of consideration. 




Figure 4. Boundary Conditions 
N 
w 
set equal to zero. For this study, the no flow boundary conditions are 
maintained by specifying Kn = 0 at all exterior boundaries. 
Specified Head Boundary 
Specified head boundaries are simulated by approximating the normal 
derivative on the boundary, or, in other words, by specifying specific 
discharge across the boundary by: 
( 3. 37) 
where, Hb is the specified head at the boundary and HB- 6 n is the head at 
a point (B-6n) from the boundary on the normal to the boundary. This 
boundary condition is handled by introducing as a source term Q8 at 
appropriate locations and then for all computational purposes, the per-
meability is set equal to zero along the boundaries. 
Specified Flux Boundary 
Specified flux boundaries, whether influx or withdrawal, are con-
sidered as source or sink terms, QB' at appropriate locations and the 
permeability is set equal to zero at all exterior boundaries. 
Leaky Boundary 
A leaky aquifer boundary is handled by introducing a source or 
sink term at appropriate positions which is approximated as the specific 
leakage factor in the normal direction and is estimated as 
(3.38) 
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where, K' is the permeability of the leaky region; H' is the specified 
n 
head in the overlying region; h8 is the head along the leaky boundary; 
25 
n is the thickness of the leaky region in the coordinate direction normal 
to the leaky boundary. This factor is already considered in the govern-
ing equation (3.35). 
CHAPTER IV 
NUMERICAL FORMULATION 
Fonnul at ion 
ah Let f(x) = Kx (ax-) at any location i, j in Figure 5 (4.1) 
Then, by series expansion, 
f (x + ~x ) 2 = f ( x) + ~x . f 1 ( x) + ( ~x) f 1 1 ( x) + • . . ( 4 . 2a ) 
f (x - ~x ) = f (x) - ~x f 1 (x) + (~x) 2 f 11 (x) - ... (4.2b) 
Subtracting equation (4.2b) from (4.2a) and solving for f 1 leads to: 
fl (x) = f (x + ¥ ) - f (x - ¥) (4.3a) 
t:.x 
Using nomenclature that (x + t:.x ) is located at (i + ~) and (x - t:.x ) 
2 2 
is located at (i - ~) and then following similar procedure as {4.3a), 




1 - ~ 
(h. - h. 1) 
1 1 -
(4.3c) 

























































































help of equations (4.1), (4.3a), (4.3b), and (4.3c), it can be formulated 
that 
f' (x) = a (bKX ah ) ax ax i 
bK h. + 1 - h. (bKx ). 1 
h. - h (4.4) = (_?S_} ( 1 1.) - ( 1 i-1 ) 
flX 1 +12 t:.x l::.X l -'2 t:.x 
K is essentially a mass conductivity and the effective conductivity 
x 
term between nodes, (K /t:.x). + 1 , can be evaluated as the two cell x 1 '2 
conductivities in series; in other words, by taking the harmonic mean be-
tween two consecutive nodal values. Thus, 
(i + 1~ - i = 
(K/t:.x.+1 x 1 '2 
After rearranging the terms in the above equation, 
(K/ t:.x) i = 2(Kx)i + 1 ( K ) . + 12 x 1 ( K ) . ( l::.X ) i + 1 + (Kx) i x l + 1 
Similarly, 
(K/ t:.x) i = 2 ( Kx) i ( Kx) i-1 
- ~ ( Kx) i-1 ( l::.X ) i ( K ) . (t:.x) i x 1 
- 1 
it gives 
( t:.x) i (4.5a) 
(4.5b) 
The term b is a function of head and may be determined by a weighted 
arithmatic average, of the form: 
(b); + ~ = Sb; + l + (1 - S) b; (4.5c) 
Where s may be determined such that the head value at some upstream grid 
point is used by comparing the heads at nodes i and i + 1. It can also 
be obtained by arithmatic average method by setting S = ~- However, 
since in the present study the interface is considered to be horizontal 
and the aquifer is confined, there the saturated thickness is expected 
to remain constant. Nevertheless, the numerical fonnulation, in this 
study, has been developed for a general case. 
Substituting equations (4.5a}, (4.5b), and (4.5c) into equation 
(4.4) results in: 
_a (bK ~) .. = (FX2) .. (h 1. + l J. - h. .) ax x ax 1 ,J 1 ,J , 1, J 
- (FXl)i, j (hi, j - hi_ 1, j) 
= (FXl)i, j (hi -1, j) - (FXl + FX2);, j (hi, j) 
+ (FX2);, j (hi + 1, j) (4.6a) 
Similarly, for y-direction, it can be obtained as 
_a(bK ~) .. = (FYI} .. (h .. 1) - (FYI + FY2)' .. (h .. ) ay y ay 1 ,J 1 ,J 1 ,J- 1 ,J 1 ,J 
+ (FY2)i,j (hi,j+l) (4.6b) 
where, 
(FXl) .. = [a(b) .. +(1-a)(b). 1 .]. 1 • l,J l,J 1- ,J {l1x)i,j 
( 4. 7 a) 
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(FX2) .. = [B(b).+l .+(1-B)(b) .. } 1 • 
1,J 1 ,J 1,J (8x);,j 
[ 2(Kx)i+l,j(Kx)i,j ] 
(Kx)i+l,j(8x)i,j+(Kx)i,j(8x)i+l,j 
(4.7b) 
(FYl) .. = [B(b) .. +(1-a)(b) .. 1} 1 • 
1 'J 1 'J 1 'J- ( 8y) i 'j 
(4. 7c) 
(FY2)i,j = [e(b)i,j+l+(l-a)(bLj ]( 8y)~ . • 
1 ,J 
(4. 7d) 
The time derivative ah/at is approximated by a forward difference Taylor 
Series as 
Neglecting higher orders terms, the above equation can be written as 
By coding (n+l) for the time step (t+8t) and n for t, the above condi-
tion is expressed as 
(21!) t = hn+l _ hn 
at 8t 
(4.8) 
Combining equations (4.6a), (4.6b) and (4.8) for the node (i,j), 
equation (3.35) is written in finite difference form.as: 
[FXli,j (h;-1,j) - (FXl + FX2)i,j (hi,j) + FX2i,j (hi+l,j)J 
+ [FYli,j (hi,j-1) - {FYl + FY2);,j (hi,j) + FY2i,j (h;,j+1)J 
= {ao + s b .. ) .-1 {h~+~ 
s l,J ~t l,J 
h~ .) + Qo(x-x., y-y.) + K1 (h-h') l ,J l l b' 
(4.9) 
Boundary Conditions 
The possible boundary conditions are specified in Figure 4. The 
methods of approximating these boundaries in the finite difference form 
are explained as follows. 
Impermeable Boundary 
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An impermeable boundary between two nodes, say (i,j) and (i+l,j) in 
Figure 5, is equivalent to that hi+l,j = h;,j• This is achieved by 
setting 
(Kx)i+l,j = 0 (4. lOa) 
The other no flow boundary conditions are specified in a similar manner. 
Specified Head and/or Leaky Boundary 
This condition is handled by assuming constant hydraulic heads at 
the aquifer boundaries and approximating the equivalent specific dis-
charge across these boundaries. This is obtained, equivalent to equa-
tions (3.37) or (3.38), by computing 
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( qB). . 
l ,J 
or, in terms of a volumetric flow rate this can be given as 
t+At 
=(-KB) ..• (Hs);,j - hi,j (4.lOb) 
n l,J Aln 
where, (Hs)i,j is the head in a hypothetical grid block a distance AL 
away from the center of the grid block (i,j) in a coordinate direction 
of n, and Ks is the effective permeability of the material in this in-
terval. Introducing the practice followed by Pinder and Bredehoft (19) 
to represent volumetric flow rate across all boundaries in the study, 
the following expression is obtained as 




= (KBx). . 
Alx l ,J 
and 
( CFY) . . 
l ,J 
KB 
= (~) .. 
Aly l ,J 
(4.lla) 
(4. llb) 
Specified Flux Boundary 
The specified flux along the boundaries include volumetric rate of 
man made recharge or withdrawal to and from the aquifer system. This is 
incorporated in a way that 
Q. . = 
1 ,J Q cS (x-x., y-y1) 
b.xb.y ) ; , j 
= ( Q ( x ,y, t) ) . . 
b.Xb.Y 1 , J 
( 4. llc) 
Numerical Solution Scheme 
Combining equations (4.lla), (4.llc) and (4.9) results in 
[ FXl .. (h. l .) - (FX1+FX2) .. (h .. ) + FX2 .. (h1.+l,J.)] l,J 1- ,J l,J l,J l,J 
+ [FY!. . (h .. 1) - (FY1+FY2) .. (h .. ) + FY2 .. ( h. ·+l)] l,J l,J- l,J l,J l,J l,J 
1 n+l n Q 
= [ ecS+(S b) .. ] 6.1: (h. . - h .. ) +( ) .. 
s 1 , J 1 , J 1 , J 6.Xb.Y 1 , J 
- (CFX+CFY) .. [ (H8) .. - h~+~] l,J l,J l,J (4.12) 
Equation (4.12) governs the fluid flow for the present study in the 
finite difference form. 
The Crank-Nicholson (6) form estimates h .. as: 
1 ,J 
(4.13) 
The solution is seek for the (n+l) time step in implicit form. The 
Douglas method (9) gives the equation (4.12), with the help of equation 
(4.13), in the following forms for obtaining solution by the Alternating 
Direction Implicit (ADI) technique. 
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---------
First Sweep: in the x-direction 
l (FXl) .. (h~+k12 • + h~ l .) -1 (FX1+FX2) .. (h~+~ + h~ .) 2 1,J 1- ,J 1- ,J 2 l,J l,J l,J 
n+~ n ) + l ( FX2) . . ( h . 1 . + h . +l . = 2 l ,J l+ ,J l ,J 
- [ (FYl) .. (h~ . 1) - (FY1+FY2) .. (h~ . ) + (FY2) .. (h~ ·+l)] l,J l,J- l,J. l,J l,J l,J 
+l [ea+ (Sb) .. ] (h~+~ - h~ .) +{.Q,) - (CFX+CFY) ... 6. t s l , J l , J l , J 1.1X1.1Y i , j l , J 
or, 
(H - h~+~) B. . 1 ,J 
l ,J 
n+k [1 (FXl) (h. l .)] + [ - l {FX1+FX2) .. - l (eo+S b) .. 2 i ,j l- ,J 2 l ,J t::,t s , ,J 
- (CFX+CFY) .. ] 
, ,J 
n+k n+k h. ~ + [ l ( FX2) . . { h. +l2 • ) ] = 
, ,J 2 , ,J , ,J 
[1 (FX1+FX2) .. + {FY1+FY2) .. - l (8 0+S b) .. ] h~ . 2 l,J l,J t::,t s l,J l,J 
- [1 [ (FXl) .. (h~ l J. )+(FX2) .. (h~+l . )] 2 , ,J 1- ' , ,J 1 ,J 
+ [ (FYl) .. {h~ . 1) + (FY2) .. (h~ . 1 )11 
. l,J l,J- l,J l,J+ 
and in they direction, 
2nd Sweep: in the y-direction 
l n+ 1 · n ( ) n+ 1 n 




+ (FY2). . (h~+\1 + h~ ·+1)1 = 1,J 1,J l,J 
n+1: n n+~ n 
- l [ ( FXl) . . ( h . 12 • + h. l . ) - ( FXl +FX2) . . ( h . . + h. . ) 2 l,J 1- ,J 1- ,J l,J l,J l,J 
(Fx2) (hn+~ hn )1 [1 ( Sb) (hn.+1. - hn .. ) + . . . +1 . . +1 . + e o + . . l,J 1 ,J 1 ,J flt s l,J l,J l,J 
or, 
n+l [1 (FYl) .. (h .. 1)1 + [ - l (FY1+FY2) .. - l (eo+S b) .. 2 l,J l,J- 2 l,J flt s l,J 
n+l · n+l 
- (CFX+CFY) .. ] (h .. ) + [1 (FY2) .. (h. ·+l)l l,J l,J 2 l,J l,J 
=[1 (FX1+FX2) .. +1 (FYl+FY2) .. -1 (eo+Sb) .. 1 h~. 2 l,J 2 l,J t.t s l,J l,J 
- [1 [ (FXl) .. (h~ l .) + (FX2) .. (h~+l .)] + l [ (FYl) .. (h~ . 1) 2 1 ,J 1 - ,J 1 ,J 1 ,J 2 1 ,J 1 ,J-
+ (FY2) .. (h~ ·+l)l 1 
1 ,J 1 ,J 
+ [-1 (FXl) .. (h~+1:12 .) + l (FX1+FX2) .. h~+~ -1 (FX2) .. (h~++i.::12 .)] 2 1 ,J 1- ,J 2 1 ,J 1 ,J 2 1 ,J 1 ,J 
+ __g__ - (CFX+CFY) .. H8 ( ) 1 ,J . . flxt.y. . l,J 
1 ,J 
(4.14b) 
If m number of iterations are considered for each time incremental step, 
and defining a counter k such that k = 1,2, ... m, equation (4.14a) may be 
written as: 
[ l (FXl) (h~+~ .)1 + [- l (FX1+FX2)1 .. - ~t (eo+S b) .. 2 i,j 1-1,J 2 ,J l.l s l,J 
- (CFX+CFY) .. - Hk] h~+~ + [1 (FX2) .. (h~++1:12 .)] = l,J l,J 2 l,J 1 ,J 
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1 1 n [ (FXl+FX2) .. + (FY1+FY2) .. - t {ec+S b) .. ] h .. 2 l,J 1,J 6. s l,J l,J 
1 n ( n 
- [ 2 [(FXl) .. (h. l .) + FX2) .. (h1.+l,J.)] + [(FY1) 1.,J. l,J 1- ,J l,J 
(h~ . 1) + (FY2). . (h~ ·+l)]] l,J- l,J l,J 
Q ) ( ) _ Hk ( k ) ] + [ (- . . - CFX+CFY . . HB h. . 
6.X6.Y l , J l , J i , j l , J (4.15a) 
where, k = 1,2,3, ... m and Hk is a normalized iteration parameter deter-
mined for each node at the beginning of each iteration. Similarly, equa-
tion (4.14b) may be written as: 
1 k+l 1 1 [2 (FYI) .. (h .. 1)] + [- 2 (FY1+FY2) .. - "t (ec+S b) .. l,J l,J- l,J L.l s l,J 
k k+l 1 k+l 
- (CFX+CFY)i ,j- H] hi ,j + [ 2 (FY2)i ,j (hi ,j+l)] = 
[12 (FX1+FX2) .. + 12 (FY1+FY2) .. - ~t (ec+S b) ] h~ . l ,J l ,J l.J. s . . l ,J 
l ,J 
1 n ) n 
- [ 2 [(FX1) .. (h. l . + (FX2) .. (h.+l .)] + l,J 1- ,J l,J l ,J 
~r{FYl) .. (h~ . 1) + (FY2) .. (h~ ·+l)]] 1,J l,J- l,J l,J 
+ [ - 1 ( ( k+~ ) 1 ( ( k+k) 1 ( 2 FXl)· . h. l . + 2 FXl+FX2) .. h. ~ - 2 FX2) .. l,J ,_ ,J l,J l,J l,J 
(h~:!:::l2 .)] +[( Q ) .. - (CFX+CFY) .. HB - Hk h~+~] 
l 'J 6.X6.y l 'J 1 'J i 'j l 'J (4.15b) 
Equations (4.15a) and (4.15b) may be written for each time step, in a 
compact form as: 
(Cll) h~+ul . + (CL2) h~+~l + (CL3) hk+ul l+vl,J+wl l,J i+v2,j+w2 
= (CRl) + (u2) (CR2) + (u3) (CR3) + (CR4) (h~+~4 ) 
l • J (4.16) 
where, the different coefficients, subscripts and superscripts are de-
fined be 1 ow. 
While working in x-direction, i.e., in the 1st sweep: 
l CLl = 2 {FXl)i,j 
CL2 = - 12 {FX1+FX2) 1.,J. - ~t (ecS+S b) .. - (CFX+CFY) .. - Hk u s , ,J , ,J 
CL3 = 12 ( FX2) . . , ,J 
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ul = 1/2 ; vl = -1; v2 = +1; wl = w2 = O; u2 = l; u3 = 0; u4 = 0 (4.17a) 
While working in y-direction, i.e., in the 2nd sweep: 
l CLl = 2 (FYI) . . , , , J 
CL2 = - l (FY1+FY2) .. - l (ecS+S b) .. - {CFX+CFY) .. - Hk 2 l,J t>.t s l,J l,J 
CL3 = l (FY2)i J. 2 , 
ul = 1; vl = v2 = 0; wl = -1; w2 = +1; u2 = 1/2; u3 = 1; u4 = 1/2 (4.17b) 
The right hand side coefficients are: 
l ( n n CRl = - 2 [ (FXl). . h. l .) + (FX2) .. (h.+l .)] - (CFX+CFY) .. H l,J 1- ,J l,J 1 ,J l,J B .. 
, ,J 
+ [ l ( FXl +FX2) . . - l ( eo + S b) ] h~ . + ( Q ) 2 , , J !:>. t s i 'j , 'J l:>.X!J.y i 'j 
CR2 = - [(FYI) .. (h~ . 1) - {FY1+FY2) .. h~ . + (FY2) .. (h~ . 1)J l,J l,J- l,J l,J l,J l,J+ 
CR3 = - 12 [ {FXl)i.j (h~~?,J-) - (FXl+FX2); J. h~+~ + (FX2) .. (h~+~ .)] 
' l,J l,J 1+1,J 
k CR4 = -H (4.17c) 
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Estimation of Iteration Parameter 
Spillette and Nielsen (24) presented a method to estimate the norm-
alized iteration parameter as follows. Iteration parameters used in the 
solution of the fluid flow equations are applied in a cyclic fashion. To 
assign the value of Hk+l, it is convenient to consider the (k+l)st iter-
ation as the mth iteration of the rth cycle (k=O for the first iteration, 
r = 0 for the first cycle; and there are N iteration per cycle); hence 
m = k+l - r.N (4.18) 
The iteration paremeters are obtained from the relation 
(m-1) 
Hk+l = wmax [W . /W ] N-2 
mm max 
form= 1,2,3, ... (N-1) 
0 for m = N 
In order to achieve a faster convergence of the solution scheme, 
the above equation is replaced (28) by 
Hk = Wk (FXl+FX2+FYl+FY2) 
where, W ranges (over grid) between Wmin and Wmax defined by 
Wmax = Max 2 
( K/~x) 2 











= Min 1 
K/tix) 2 




K_y \ tix 
(4.21) 
+l) 
where, I and J are column and row numbers of the nodal point under con-
sideration; and tix and tiy are the grid spacings in the respective direc-
rions. 
The set of parameters are spaced in geometric sequence given by 
(4.22) 
in which 
ln r = [ ln (Wma/Wmin]/(LNT-1) (4.23) 
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LNT = the number of iteration parameters used. The iteration parameters 
starting with Wmin are cycled until convergence is achieved. 
Solution Procedure 
As stated earlier, solution to the present problem is achieved by 
following the iteration procedure in a cyclic fashion. The solution pro-
cedure may be explained in two steps. The first step deals with the 
problem definition or job setup in which all the input parameters, ini-
tial and boundary values are being read. For a better follow up of 
the problem, all the input values are printed with a standard format as 
a part of the first step. First of all, in the job setup, the aquifer 
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system properties are discretized by superimposing a certain mesh pattern 
of finite difference grids over maps of the aquifer properties. Thus, 
the total dimensions of the grid are defined in x-direction as the num-
ber of columns of the model and in y-direction as the number of rows in 
the model. The parameter and default value cards are defined next which 
provides data for the whole aquifer system assuming it as if having 
homogeneous-isotropic properties with identical initial heads and net 
withdrawal rates at all nodes. A node card deck is then provided which 
contains the model parameters for each node that has any aquifer system 
properties differing from those defined on the default value card. The 
input formats and input parameter cards are assembled in order of occurr-
ence in Appendix (D) and (E) respectively. The aquifer boundaries and 
grid spacings are described in Appendix (A). The computer flow chart is 
presented in a subroutine form in Appendix (B) and (C) respectively. 
The second step contains the program operational sequences and con-
sists of three cycles of operations. The first and the outermost cycle 
proceeds with the time incremental steps. The model simulation starts 
with time equals to zero and increases in a certain pre-specified fashion 
with the increase of time steps. At the end of every time step, the 
model results are printed out and then proceeds for the next time step 
operations and continues until all the time steps have been considered. 
Each time step undergoes a set of iterations for the model simulation 
which is termed as the second or the inner cycle of operation. The 
inner cycle of iterations continues until the solution scheme converges. 
The convergence test accounts the to ta 1 ·system by contra 11 ing the great-
est change in heads during iterations over the entire model. If the 
greatest difference between head values calculated (for each node) in a 
particular iteration from that of the previous iteration lies within a 
pre-determined or pre-defined tolerance limit then the iteration proce-
dure is terminated, the upconed surface is located, the estimated re-
sults are printed out and then the operational sequence goes back to 
the outer cycle for simulation of the next time step. Mathematically, 
the convergence criterion and conditions may be given for each node as: 
~E for NP nodes (4.24) 
where, NP is the total number of grid points considered in the model, 
and E is some predefined limit of tolerance or error check. If the 
equation (4.24) is satisfied, then 
(4.25) 
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where, n is the indication for time step. Otherwise, the next iteration 
is carried out which constitutes the inner most cycle of operation to 
simulate the head values of the model. This proceeds in two directions; 
first, it estimates head values in x-direction by solving equation 
(4.15a) which is denoted as of (k+~)th iteration and then that in the 
y-direction by solving equation (4.15b) and being known as (k+l)th iter-




The aquifer consists of two geologic formations - the Garber Sand-
stone- and the Wellington Formation. Because these two formations are 
similar, they are commonly referred to as the Garber-Wellington Aquifer 
or, simply, the Garber. 
The formation consists of about 900 ft. of alternating layers of 
fine sandstone, shale, and siltstone. That portion of the formation 
which underlies most of Cleveland and Oklahoma counties contains a large 
volume of freshwater that can be produced quite economically with wells. 
Efficient wells can produce 200 to 400 gpm and sometimes more in areas 
where the sand is thickest and most permeable. 
Saltwater underlies the freshwater in Cleveland, Oklahoma, and 
Logan counties. West of these counties the water in the formation is 
considered too salty to be useful. The Garber-Wellington formation is 
exposed at the land surface in the eastern part of the three counties 
and it slants downward to the west and at the western edge of the county 
the top of the formation is several hundred feet down below the land 
surface (see Figure 6). This slant or dip is why wells in the eastern 
part of the formation would be fairly shallow and while those in the 
western part would be much deeper. The general details of the aquifer 
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' 1400 study: 
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Figure 6. Diagramatic Sketch of Garber-Wellington Aquifer 
are given by Carr and Marcher (4), and Wickersham (30). 
Water from the Garber-Wellington formation is not widely used for 
irrigation because the tightness of the formation makes wells fairly 
expensive and they have a fairly low yield per well, which combined 
with the cost for deep pumping makes irrigation use prohibitive. The 
water is however, economical for municipalities. Several cities in 
central Oklahoma derive part or all of their supply from the Garber-
Wellington. Norman, Moore, Midwest City, Edmond, Nichols Hills, and 
others use Garber-Wellington water (10). 
Geologic Framework 
The geologic framework of the Garber-Wellington aquifer largely 
controls the occurrence and movement of ground water. Principal compo-
nents of the geological framework are (1) geologic structure, including 
regional and local dip and faulting, (2) lateral and vertical distribu-
tion of sandstone and shale units, and (3) characteristics of the rock 
units, particularly permeability of the sandstone beds. 
Sediments that now comprise these rocks represent deltaic deposits 
laid down by streams flowing from the east into a broad basin that ex-
tended into western Oklahoma and Texas. The main part of the delta 
apparently was in the latitude of central Oklahoma county where sand-
stone comprises about 75 percent of the aquifer. North and South of 
this part of the area, the proportion of sandstone to shale decreases, 
but from near central Oklahoma county, the sandstone grades into silt-
stone and shale toward the west. 
Because of its origin as part of a delta system, the Garber-
Wellington aquifer is a complex of interfingering beds of sandstone, 
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siltstone, and shale. The thickness of individual beds changes over 
short distances and beds may end abruptly, so that correlation for more 
than short distances is virtually impossible. The maximum thickness of 
individual beds of sandstone is about 40 ft. but beds 5 to 10 ft. thick 
are more common. Sandstone comprises 35 to 75 percent of the aquifer 
and averages about 50 percent. Rocks exposed at the surface are Permian 
and Quaternary in age. The Permian rocks include the Wellington forma-
tion, Garber sandstone, Hennessey shale, and Duncan sandstone. 
Because of its low hydraulic conductivity, the Hennessey group 
acts as a confining layer for the Garber-Wellington aquifer in locali-
ties where the aquifer is fully saturated. 
Hydraulic and Hydrologic Characteristics 
Occurrence of Groundwater 
Vertical and lateral variations in hydraulic characteristics of the 
Garber-Wellington aquifer caused by variations in lithology result in 
groundwater occurring under unconfined, semi-artesian, and artesian 
conditions. Unconfined conditions generally exist at depths of less 
than 200 ft. where the aquifer is exposed at the surface. Artesian con-
ditions exist below 200 ft. and in most of the area where the aquifer 
is overlain by the Hennessey group. Vertical variations in the hydrau-
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1 ic characteristics of the aquifer present a particularly significant 
problem in defining the hydrologic system. The average transmissibility 
for the Garber-Wellington formation is estimated (31) to be around 
3,000 gallons per day per square foot. 
Movement of Ground Water 
Water in the upper part of the aquifer has two components of move-
ment. The principal component is essentially lateral from areas of re-
charge to points of discharge. A secondary component of movement is 
usually vertical downward. Movement of water in the lower part of the 
aquifer is difficult to define because of the lack of water-level data 
in most of the area. The regional direction of movement is southwest 
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in the same general direction as the regional structural dip. The lo-
cations of points or areas of discharge of water from lower parts of the 
aquifer are unknown. 
Freshwater in Storage 
The total volume of water available from storage in the freshwater 
zone may be estimated by multiplying the area, one-half the thickness 
of the fresh-water zone, and the porosity of the sandstone. One-half 
the thickness of the freshwater zone is used because the aquifer con-
sists of about equal amounts of sandstone and shale as previously indi-
cated (4). Even though the shale contains large amounts of water it is 
available only by very slow drainage over a long period of time. 
Although porosity determines the amount of water the aquifer can hold, 
the amount of water that the rocks will yield is less because some of 
the water is retained in the pore spaces. Thus, a better estimate of 
water available from storage is based on specific yield rather than 
porosity. Using a specific yield of 0.2 and an average saturated 
sandstone thickness of 200 feet for the total of about 2,000 square 
mile area, Wickersham (30) estimated that more than 50 million acre-
foot (1 ac. ft. = 325,850 gallons) of water are stored in the Garber-
Wel 1 ington ground water basin. Additional amounts of water are also 
supplied to the basin annually by recharge. 
Recharge and Discharge 
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Recharge to the Garber-Wellington aquifer is derived primarily 
from rainfall on the outcrop area in the northern and eastern portions 
of the basin. Wood and Burton (31) simply estimated recharge to the 
Garber-Wellington aquifer to be five percent of the average annual pre-
cipitation. However, using pumpage and water-level data, they calcula-
ted that recharge in the area south of the North Canadian river was 
greater than five percent for the years 1957-61. Five percent of the 
average annual rainfall would provide a recharge of 90 acre feet per 
square mile as reported by them with an outcrop of 800 square miles as 
recharge area and thus a total aquifer recharge of 72,000 acre feet 
annually. 
Carr and Marcher (4) used actual field data (streamflow measure-
ments) to determine recharge for the Garber-Wellington aquifer and found 
it was at least 10 percent of the average annual rainfall. These esti-
mates were based on measurements of Wildhorse Creek, a drainage basin 
that is typical of most of the outcrop area of the aquifer. Such 
estimates presume that as the aquifer is essentially in a state of 
equilibrium in most of the area, the volume of water discharged to the 
streams is nearly equal to the amount of recharge. According to them 
the recharge rate in 1975 was 190 acre feet per square mile, however, 
the rainfall was 10 percent above normal for that year, so they reduced 
48 
the recharge rate to 170 acre feet per square mile as the average annual 
rate. 
Carr and Marcher (4) added approximately 400 square miles to the 
area studied by Wood and Burton (31) but neither study considers any re-
charge from the outcrop area in Lincoln and Pottawatomie counties. The 
outcrop area of the two published studies is 1,200 square miles with an 
average recharge of 171 acre feet per square mile. This gives an annual 
recharge of 205,000 acre feet (186 mgd) occuring in Cleveland, Oklahoma, 
and southern Logan counties. Directly east of this area is approximately 
500 square miles of additional outcrop area in Pottawatomie and Lincoln 
counties which contributes recharge to the deeper sands at the Garber-
Wel l ington formation. 
Peizometric Surface and Well Yield 
Generally the good quality water in the Garber-Wellington aquifer 
has a higher peizometric level (greater head) than both the Garber Salt-
water and the transitional salty water. Well yield varies widely from a 
higher value in the east to a lower value on the west. This is due to 
the reason that well yield is a function of specific capacity of a prop-
erly constructed well and the available drawdown; and that the specific 
capacity is usually less in the west due to less availability of usable 
sand bodies. 
Study Area 
The City of Yukon had its well field being located within the allu-
vium of the North Canadian River. Considerable work was done in 1974 to 
renovate and increase the well field yield. Additional studies were 
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made by different agencies to determine the feasibility of expanding the 
existing well field within the alluvium. The study pointed out several 
limitations such as naturally poor water quality, competition with 
irrigators, and limited long-term potential, but still recommended pro-
ceeding with some development within the area and looking to the Garber-
Wel l ington aquifer for a longer term supply. 
While the ground-water reservoir formed by the Garber-Wellington 
aquifer underlies much of central Oklahoma, the part that is logical to 
supply Yukon's water requirements underlies TllN, R4W Oklahoma county 
and is bounded by I-40 on the north, Portland Avenue on the east, the 
Cleveland county line on the south and the Canadian county line on the 
west. The study area and the municipal production deep well locations 
are shown on Figures 7, 8 and 9 respectively. 
Geologic framework in the study area is very similar to the general 
trend of the Garber-Wellington formation, that is, the Hennessey group 
above the aquifer thickens towards west and south. This can be observed 
by taking a cross-sectional view of the area along A-A 1 as shown in 
Figure 9 and Figure 10. Thickness of the Hennessey group in the study 
area is in the range of 300 to 450 ft. as can be seen from Figure 6. 
Figure 11 presents the water level elevation map (Peizometric map) from 
mean sea level (MSL) in the study area. From the Figures 11 and 12, it 
can be concluded that within the study area the Garber-Wellington forma-
tion is slightly artesian. The base of freshwater region are plotted in 
Figure 13. Distribution of freshwater zone in the study area of the 
Garber-Wellington aquifer may be obtained from Figures 12 and 13 by sub-
tracting the elevation of base of freshwater from that of the contact 
zone between Garber-Hennessey group (in the present study). Figures 
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Figure 12. Hennessey and Garber-Wellington Formation Contact Elevation Distribution Map 
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14 and 15 present maps showing aerial distribution of average permea-
bility and transmissibility of the Garber-Wellington aquifer in the 
study area, respectively. The electric logs recorded by Engineering 
Enterprises, Inc. were used to establish a correlation with the measured 
water quality, determine the distribution of sands in the Garber-
Wellington formation, and locate the Garber-Hennessey boundary in the 
study area. The interpreted results of driller 1 s and electric logs are 
presented in Figure 16 as the Geologic cross-section of the study area. 
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The Yukon study area is part of the Prairie Plains Homocline. The 
surface is a gently eastward sloping plain with westward dipping rocks. 
Within the study area, surface elevation varies from about 1,250 to 1,300 
feet. Drainage consists of eastward-flowing streams. Tributary streams 
generally flow northward or southward. The area has a subhumid climate 
with pronounced day-to-day changes and mild seasonal variations. The 
total average annual precipitation is about 32 inches. May is commonly 
the wettest month. The average annual temperature is about 61 degrees. 
Within the study area (TllN, R4W) recharge from directly above the aqui-
fer is negligible. The study area receives a resonable amount of re-
charge from the North Canadian river along its northern portion. 
On the west edge, beyond the study area, the high chloride (salt-
water) and high sulfate (gypsum water) water zones nearly intersect or 
mix together. The saltwater-freshwater interface is not a sharp line 
in the study area. Therefore the upper boundary of the transition zone 
with total dissolved solids content of the water less than 1000 mg/l is 
considered as the interface location for modeling purpose. The average 
specific capacity for the study area may be considered as 2 gpm per foot 
of available drawdown. 
CHAPTER VI 
MODEL APPLICATION 
This chapter is exclusively devoted to application of the model de-
veloped in the previous chapters. 
Job Setup 
As the first step in the computer job setup, the aquifer system 
properties are discretized by superimposing a square/rectangular mesh 
finite difference grid over maps of the aquifer properties. This is 
illustrated in Appendix A. The total dimensions of the grid are defined 
by NX, the number of grids in the longitudinal direction (~NC, the num-
ber of columns of the model) and by NY, the number of grids in the trans-
verse direction (~ NR, the number of rows in the model). Next, the check 
card and control card are prepared according to the formats illustrated 
in Appendix D. The check card provides a check in correct dimension 
specification of the arrays and assigns the other parametric values that 
are essential for the model run. Each discrete portion of the aquifer 
associated with numbered node of the grid is assigned an average value 
of transmissivity, storage factor, initial head, and net withdrawal rate. 
The above nodal values are limited by the control card which specifies 
the exact formats required for the node cards and accordingly directs 
the user. The node cards include all the nodes information of the model 
for a particular property of the aquifer. The boundary of the aquifer 
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is approximated in a stepwise fashion, however, for the present study, 
the boundaries are straight lines. Therefore, they don't need such 
approximation (see Appendix A). All the boundaries after approximation 
are extended to incorporate one external grid system which serves as the 
outermost boundary for the model and this boundary is assigned zero tran-
smissivity/permeabil ity at all times. The aquifer simulation and upcone 
prediction deck are presented in Appendix C, while the input card deck 
for a sample program is included in Appendix E. The program deck is in 
the form of a Subroutine so that it can be called by any calling program. 
A sample calling program titled as Main Program has also been included 
in Appendix C. The next step in job setup is to include the appropriate 
computer installation job control cards and then the program is ready to 
run. For easy understanding, sample job control language cards are in-
cluded in Appendix C. The computer output is in the form of printed 
numerical values of heads for all nodes and in the form of a category 
map printout at the end of every time increment. 
Program Logic and Operational Sequence 
The step-by-step operation of the program is explained in the follow-
ing discussion according to the program Flow Chart and the Algorithm 
given in Appendices B and C respectively. The program for the model has 
five main sections. The first section includes the variable descriptions 
which is important for a user to read before proceeding deeper into the 
program. The next section prepares the computer for the problem and 
handle the data input and output of the input data. The third section 
includes the simulation steps, while following to it the section esti-
mates upconing of Saltwater from the baseline. The last section covers 
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the printout statements for the results output. 
Computer Preparation and Data Input 
The Arguments into the Subroutine reserves core storage sufficient 
for models. For the present problem it is limited to 40 columns and 40 
rows. However, the core storage utilized is quite less than this, such 
as 37 columns and 28 rows. These limits can be changed according to 
avail ab 1 e computer storage and user 1 s need. The Subroutine ERRS ET (for 
IBM-S360/370) is called at the beginning of the calling program in order 
to avoid the termination of computation due to possible underflow errors, 
especially in the first time interval. This is due to the reason that 
drawdowns, on occasi-0n, are extremely small at distant places from the 
pumping locations; and if they are so small to fall beyond the limit of 
the computer to handle the underflow occurs; however, with an error set, 
(ERRSET) it automatically sets these smal~ numbers equal to zero and 
allows the processing to continue. The input-output storage unit num-
bers are sent as arguments into the subroutine MODEL. These data are 
used for all READ and WRITE statements in the program. 
The Subroutine first reads the check card and then checks if the 
dimensions defined are less than or equal to the assigned values. Next, 
it reads the control card to check if the above step is safe for compu-
ter usage, and sets up a system to handle the data input to the computer. 
All the input parameters are read completely and then it is tested if the 
user(s) desires printout of the input data. If so, then it is printed 
under the title of INPUT DATA, and otherwise the program proceeds for 
the simulation section. 
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Simulation and Upconing Estimation 
Simulation starts at TIME equal to zero and is updated with the 
progress of simulation. The variable TIME is only used for labeling the 
printouts (results of the model), while the incremental time (DELTAT 
in the program) interval is used for all calculation purposes. All the 
calculations, which include either simulation only or both simulation 
and upconing estimation, are set under one DO LOOP which starts at the 
first time step and is carried out until the computation is completed 
for the last time step. However, the DO LOOP includes all the output 
formats too. In order to be more specific, this section is described 
below in six steps as in order of their occurrences in the program MODEL. 
In the first step of the computational scheme, iteration parameters 
are estimated and are stored in the variable vector RHOP for further 
usages in the simulations. The second step estimates the parameters 
that are involved in the permeability and transmissibility factors, which 
serve as coefficients in the numerical governing equations; and above all, 
they are repeatedly used in the process of simulation. These are stored 
in the variable arrays named FPX and FPY. The next two steps involve 
calculation of head or drawdown in x and y directions respectively. The 
procedures for calculating heads/drawdowns in x and y directions (rows 
and columns respectively) are essentially the same, except that the sub-
scripts and superscripts change in order to match the respective row or 
column. The first sweep of head/drawdown estimation is carried out in 
x-direction along the rows and then in the y-direction along the columns. 
At the end of each cycle of such operation, the absolute value of any 
changes in head/drawdown that have occurred since the column calculations 
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in the preceding cycle is recorded and the maximum value of such devia-
tion is stored in variable E. The fifth step, an important and control-
1 ing step in the simulation process, is the checking of error limit. At 
the end of each iteration a comparison is made between E and ERROR (the 
specified error criteria that is read in the check card). If Eis great-
er than ERROR, it is interpreted that the solution has not converged 
and proceeds for the next iteration. The above iterative procedure is 
repeated until the convergence criteria is met and the solution results 
for that time step are ready for printing. If, however, the convergence 
criteria is not achieved within a specified number of iterations, then an 
error message is printed stating so and the program is terminated with 
complete printout of the results up to that time step. The last step is 
the option of estimating the upconed surface from its base line. It is 
estimated either by Muskat's approach of physical principles of brine 
upconing or by Jacob Bear's one-dimensional transport theory or by both 
the approaches. The results are printed exactly in the same format as 
that of the head/drawdown printouts. 
Printout of Results 
The last section in the program handles printing of the category 
map and the values of the heads/drawdowns for each time step. A category 
map and all heads are printed for the model after every time step. At 
the end of this section is the instruction DELTAT = DELTAT * TIMEIM, 
which indicates that the time increment DELTAT is made to increase in 
size as the simulation progresses. The reasons for this are related to 
increased accuracy during the early part of the simulation and increased 
efficiency as time progresses. After printing the heads/drawdowns and 
upconed values at the end of the time increment, control is provided 
to begin the computations for the next time increment. 
A sample output of the simulation and upconing results is given 
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at the end of this chapter, in the form of a computer printout. Contours 
of equal head/drawdowns and equal upconed values are drawn by joining 
the same values on the category map printout. 
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1 7 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
16 0 0 0 0 0 0 0 0 ( c 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 00000®0 0 0 0 
19 0 0 0 0 0 0 0 0 c 0 0 0 0 ) 0 0 0 0 0 0 0 0 0 0 c ocoooooo 0 0 
20 0 c 0 0 0 0 0 0 c 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 ) 0 ::> 0 0 
21 0 0 0 0 0 0 0 0 0 0 0 0 0 a 0 0 0 0 0 0 0 0 ( a ( ccoooooo 0 0 
22 0 (} 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 00000000 0 0 
23 0 0 0 0 0 0 0 0 c c 0 0 0 ') 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
24 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 o® o 0 
25 0 0 0 0 0 0 0 0 c 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
26 0 0 0 0 0 0 0 0 c 0 0 0 0 a 0 0 0 0 0 0 0 0 0 0 ( 0 c 0 0 0 0 0 0 0 0 
27 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 c 0 c 0 0 0 0 0 0 0 0 0 
26 



































































TIME STEP= 12 DEL TAT= 44. 580 3 DAYS TIME= 197.9021 DAYS 
ERROR IN T t-E SOLUTION = 0.64373E-05 NO. OF ITERATIONS COVERED = 2 
CATEGORY MAP PRINTOUT : 
1 
2 ~~HW. 0 0 0 c c 0 0 0 0 0 c 0 c 0 c 0 0 0 0 0 0 0 0 3 0 0 0 0 0 0 0 0 0 0 c 0 0 0 0 0 0 0 0 0 0 0 0 4 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 () 0 0 
5 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 () c c 0 c 0 0 0 0 0 0 0 0 
6 0 G 0 0 0 0 0 0 C 0 0 0 0 0 0 0 c 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
7 000000~0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 ) 0 () 0 0 
8 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 c 0 c 0 0 0 0 0 0 0 0 0 0 
9 000000 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
10 0 0 0 0 0 0 0 0 < 0 0 c 0 0 0 0 0 0 0 0 0 0 c 0 0 0 0 0 0 0 0 0 0 
11 o c o o o o~o 0 0 0 0 0 0 0 0 0 0 c 0 0 0 0 0 0 0 0 0 12 0 0 0 0 0 0 0 0 0 0 0 0 0 0 ~ 00 0 0 0 ) 0 13 000000~0 0 0 0 c 0 0 0 0 0 0 0 
14 0 0 0 0 0 0 . 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
15 0 0 0 0 0 0 0 0 c 0 0 0 0 0 0 0 0 0 0 0 0 0 0 OOOOQ() ) 0 
16 0 0 0 0 0 0 0 0 c 0 0 0 0 0 0 0 0 0 0 0 0 0 c 0 co~ 0 0 17 o o o o o 6 o· o c o 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 ~ 0 0 0 
18 ooooooooco 0 0 0 0 0 c 0 0 0 0 0 0 ( c 0 0 2 a 0 
19 0000000000 0 c 0 0 0 0 0 0 0 0 0 0 c 0 0 0 0 . 0 0 0 
20 -OCOOOOOOOO 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 :J ) 0 
21 0 0 00000000 0 0 0 c 0 0 0 0 0 0 0 0 c 0 ( 0 0000000 0 0 
22 0 c 00000000 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 000000 0 0 
23 0 c ooooooco 0 Cl 0 c 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 ) ~ 0 24 0 0 ooooooco 0 0 0 0 0 0 0 0 0 0 0 0 c 0 Cl 0 0 0 0 0 0 25 0 0 ooooooco 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
26 0 0 ooooooco 0 0 0 0 0 0 0 0 0 0 0 0 0 0 c 0 o a o o o 
27 0 0 ooooooco 0 0 0 0 0 0 0 0 0 0 0 0 0 0 c 0 0 0 0 0 0 0 
28 


































0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 
o o o o o o~o 
0 0 0 0 0 0 .1 0 
0 0 0 0 0 0 0 
0 0 0 0 0 0 0 c 0 
o o o o o o~o o 0 0 0 0 0 0 0 
000000 l 0 
0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 c 0 
o 'o o o o o o o o o 
0000000000 
o o o o o o·o o co 
0 c c 0 0 0 0 0 c 0 
0 0 0 0 0 0 0 0 0 0 
0000000000 
ocoooooooo 
0 0 0 0 0 0 0 0 c 0 
0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 c 0 
0 c 0 0 0 0 0 0 0 0 
0000000000 
0 0 0 0 0 
0 0 0 0 0 
0 0 0 0 0 
0 0 0 0 0 
00:.>()0 
c 0 0 0 0 
0 0 0 0 0 
0 0 0 0 0 
0 0 0 0 0 
0 0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 0 
0 0 0 0 0 
0 0 0 0 0 
0 0 0 c 0 
0 0 0 0 0 
0 0 0 0 0 
0 0 0 0 0 
0 0 :> 0 0 
c 0 0 0 0 
0 0 0 0 0 
0 0 0 0 0 
0 0 0 0 0 
0 0 0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 







0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 
0 0 0 
0 0 0 




0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
c 0 c 0 0 0 0 0 0 0 0 0 0 
c 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 l 0 0 0 0 
c 0 c 0 0 0 0 0 0 0 0 0 0 
c Q 0 0 0 0 0 0 0 0 0 0 0 
o o o o o o o o o o a o o 
c 0 c 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 c 0 0 0 0 0 0 0 0 0 0 




0 0 0 0 0 0 3 0 0 0 0 
~ ~ ~ ~ ~ g~~ g g g 
c 0 c 0 0 0 ~ 0 0 0 
0 0 0 0 0 0 0 0 0 J 0 0 
c 0 c c c c 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 ow.o 0
ooooooooe> ~o 
0 0 c 0 0 0 0 0 0 2 
000000000 0 
0 0 c 0 0 0 0 0 0 0 0 0 0 
0 0 c 0 0 0 0 0 0 0 0 0 
TIME STEP= 15 DELTAT= 77.0348 DAYS TIME= 360. l 743 DAYS 
ERROR IN T~ E SOL UT UJN = O.lll76E-07 NJ. OF ITERATIQNS CO~ERED = 3 
CATEGORY MAP PRINTOUT . . 
l 
2 0 0 0 J 0 0 0 0 0 0 0 0 c c () 0 c 0 0 0 0 0 0 0 0 
3 0 0 0 0 0 0 0 0 0 0 0 0 0 0 c 0 0 0 0 0 0 0 0 0 0 
4 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 J 0 () 0 0 
5 0 0 0 0 0 0 o a 0 0 0 0 c 0 ( c c 0 0 0 0 0 0 0 0 
6 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 c 0 0 0 0 0 0 0 0 0 0 
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 c 0 0 000000 0 :> () 0 
8 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 c 0 0 0 0 0 0 0 0 0 0 0 0 
9 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 000000 0 0 0 0 
10 0 0 0 0 0 0 0 c 0 0 0 0 0 0 0 0 0 0 c 0 0 0 0 0 0 0 0 
11 0 0 0 0 0 0 0 0 0 0 0 ~0000 0 0 12 0 0 0 0 0 0 0 0 0 0 0 0 0 () 0 0 
13 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
14 0 0 0 0 0 0 0 0 c 0 0 Q 0 0 0 0 
15 0 0 0 0 0 0 c 0 0 0 0 0 0 0 l 0 ) 0 0 
16 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 c 0 c a 0 o~ 0 0 17 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 ~o o 0 0 18 0 0 0 0 0 0 0 0 c 0 c 0 c 0 0 0 0 0 0 0 c 0 c 0 0 0 0 
19 0 c 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 c 0 0 0 0 0 0 0 0 0 
20 0 0 0 0 0 0 0 0 c 0 0 0 0 0 0 Q 0 0 0 0 0 0 0 0 0000. :> J 0 
21 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 c 0 ( c coooooo 0 0 
22 0 0 0 0 (J 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 000000 0 0 
23 0 c 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 c 0 0 0 0 0 0 0 3~0 
24 0 0 0 0 0 0 0 0 0 0 0 a o 0 0 0 0 0 0 0 0 0 c 0 0 0 0 0 lt 
25 0 c 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
26 0 0 0 0 0 0 0 0 0 c 0 o a 0 0 0 0 0 0 0 0 0 c 0 cooooo 0 0 
27 0 0 0 0 0 () 0 0 0 0 0 J 0 0 0 0 0 0 0 0 c 0 0 0 000000 0 0 
28 
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2 3 6 7 8 9 10 
o.c o.o o.o o.o o.o o.o o.o o.o o.o 
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-0. 1l44E-10- O. 303 5E-08-0. b 9 94 E-iH -0. 512 6E- 06-0 .2 616E-06-J. l 93 l E-O't-O .10 25E- 02-0 • 3083f- 01-0.1008E- 02 
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-0.5516f-14-0.3231E-12-0.23t0f-10-C.2344E-08-0.2316f-06-0.16l6E-04-0.9922f-03-o.3034f-01-0.l008f-02 
-o. 4512E- l6-C. 3621E-14-0. 3<;64E-12-0.H2 5E-l0-0.4202E-l8-l. l21'tE-ll6-0 .l692f-04-0 .UHE-03-0. l 764E-04 
-0.4413E-17-0.116'iiE-15-0.lC19E-12-0.l44lE-l0-0.1642E-08-0.J485E-06-0.9339E-05-0.3l59f-03-0.~605E-05 
-0. l893E-15-0. 332 2 E-13-0 .5 2 93 E-ll -0. 741 6E-09 -o .8816E-O 7-0. 840oE-05-0. 5 842E-O 3-0. 2359E- 01-0. 5963E-03 
-o. 4142E-14- (!. e 162E-12-o.1 47 lE- C9- o. 2l 61E- C7-o. 2162E-05-0. 2 85 a E-Ol -0 .2310E-01-0 .1296ft0 l-0. 2 llOE-01 
-0.l030E-l5-0.3197E-13-0.5061E-ll-0.703CE-09-0.6242E-07-0.7662E-05-0.5593E-o3-0.2112E-Ol-0.559lf-03 
~o.3681lE-17-C.6080E-l5-0.9055E-13-0.1176E-lO-O.l302E-08-l.1111E-0~-0.7741E-05-0.2796f-03-0.7746E-05 
-o. 5150f- l 9- O. 7'166f- l7-0. l l l3E- 14- O. 136 EE- 12-0. l'.5 7E -l 0-0. 120 oE-Oll -0. 7790E-O1-0 .2584 E-05-0 • 7789 E-07 
-C.5579E-21-0.ll083E-19-a.1ot6f-16-0.12t5E-14-0.l302f-l2-0.l074E-ll-0.62l5E-09-0,1949E-07-0.l275E-o9 
-o. 4960f- 23- c. 6188E-2 l-O. 8655E- l 9-0. 9% EE-17-0 .9til0f-l5 -) o 71Z4 e-u-o .4263E-ll-O .l256f- 09-0. 'w282E- 11 
-o. 3602 E -25-0. 50 36E-23-0. 62 4 7E- 21- o. 692 OE-19-0. 652 lE-l 7-0. 4S79E -15 -0 .2 510E-13-0. J lltlf-12-0 .2 570f- l3 
-0. 2647E-27- O. 3421E-25 -0. It 092 E-23-0. 434 l E-21 -0 .3903 E-19-0. 2780E- l 7- 0. l 392E- 15-0 • 361ltE-14-0. l.392E- l 5 
-0. 1722E- 29- C. 21!ilf-2 7- 0.2 4 HE- 25-0. 2 50 c;f-23-0. 215 OE-21-0. l't5 8E-l 9 -0 .6 943 f,.. 18-0 o ll42f-lb-O .6 942E- l8 
-c. 105H-3l-O. l 269E-29-0 .1l'iillE-27-0.135 ~E-25-0. l107f-23-0. 714 7f-22-0. H38E-2 0-0. H22f-19-0 .32HE-20 
-0, H22E- 34- C. 7063E-32 -o. 1'o JOE- 30-0, ti9 l bE-2 a -0 ,5 390E-2t. -J. HHE-2't-0. l "29f- 2 2-0. 32UE- 21-0. l 46 lf-22 
-o. 3394E-36- o. 3 HOE-H-0. 3 6C1E-12- o. 33b EE- 30-0. 2 504E-2 8-0. l 46 lE-26-1) .6024E-25-0. uooE-23-0 .6424E-25 
-0.1607E-3U-C.1926E-36-0.le63E-34-0.1576E-32-0,lll9f-30-0.6252E-2~-0.2445f-27-0.5025f-26-0.27l3E-27 
-0. 920 5E- 41- C. q 503E -l'ii-0. 6 Bl OE- 37-0. 713 OE-35 -0. 4 636E-H -l. 251'J E-ll -0.%18E-30-0. l883E- 28-Q. l 106E- 29 
-0. 4647E-43-0. 4566E-41-0.'t0il lE- ~9-0, 314 if-31-0. 2041E-35-0. 1039E-H-O .3696E-32-0,6903f-31-0 .4415E-32 
o.o c.o o.o o.o 0,0 o.o o.o o.o o.o 
HEAO VALUES fCO~TJNlEOI 1 
11 12 l j l 't l 5 16 11 l 8 l 9 20 
l O.O O.O O.O Q.O O.O O.O O.O O.O O.O O.O 
2 -0. l 638E-0 t,-(). ZOlSE-06-0. ZOU E-08-0 .l 7l5E-l0-0. l 2 74 E-12 -0 .8 535E-l 5-(). 5267E-l1-0. 30391:-19-0. l660f- 21-0. i l 93E-U 
3 -0. 4 70H-O l-0. 53t SE-05- C. 5000E-O 7- O. H 8ZE-09-0. 2 l9 9E-ll -0. l 780 E-13-l. lO't 3 E-l!> -0 .5115E-18-0 .2911E- 20-0 ,269 lE- 21 
4 -0. lt.011E-04-0•l998E-06- c·. l 989E-08-0 .16 78 E- 10-0.12 4'.E-12-0. 8330E-l 5-0. 5 882 E-17-0 .6 &;82E-19-0. 2622 f-20-0 .'t686f-l 9 
5 -o. 3062 E-C6-0. 406 lE -oa- 0.,.2 83 E-1 0-0 .18 l4E -12-0. 296 2E- l't -o .ZH9E-l 6-0. l3b6 E-U -o. 70 lOE-17-0 .4093f- l8-0. 8l1lf- l1 
6 -0. 3639 E-06-0. 512 7E-C8- C. 55 7 2E-10-0. 5 048E-12- o. 4 05 5E-14 -0. l l 26E-l 4-0. 2 3Z 9 E-13 -0 • l 142E-llt-O. 6375 f- 16-0. l 33'tE-H 
7 -0. l 856E-C 'i-0. 2483E-06- C. 2615 E-08 -0. 2 291 E-10-0. l 806E-12 -0. 165 ZE-12-0. 3662 E-11-0 .17l 7E-l2-0 • 9159£-l't-0 .2 007E-l 2 
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11 -0. l62H-C6-0. 2040E-06- C. 5H6E- l 0-0. HCBE-08-0. 3071 E-06 -O. l694f-04 -) • 50Z8 E-03 -0 .1848 E-04-0 .8580£-06-0 .23.UE-04 
l 2 -tl .88 lZE-O 5-0. 9699E -07-0. 21l<JE-O6-0. l 6 WE-Oh-0. 1455f- O't-0. 9050E-01-0. ll 'tl E-01 - O. 9 7l 9E-03-0 .4118E-04-0. l 260E-02 
11 -0. 2856E-O !-0. Z760E-05-0. 5141 E-07 -0 .'tl5t; E-05-~. 412 l f-03 -0. 2962f-01-0 .1 H9 Ef-01-0 .3093E-0 l-0. l069E-02-0. 3795E-Ol 
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15 -o. 1204E-C 6-0. l USE -08-C .162'of-l0-0. 2 51l6E-08-0. 219 6E-06 -C. 131 lf-0 4-0. t.290E-03-0 .1 t.l OE-04-0. 638H-06-0 .2 02 9£-04 
16 -0. 127 ti E-C 8- 0 .1558E-l0- 0.4't50E- l 2-0. 30 HE-10-0. 2 51 t!E-08 -0 .H50E-J6-l. 44HE-05 -0 .1556:: -06-0. 1734E-08-0 .2'tl 5E- 06 
11 -0. l 084 E- lC-0 .1117£-12- C. it BSE- l'o- o. 29"3E- 12- O. 2?·3 2E- l 0-0. l 26lf-08-0. l662 E-01 -0 .1 385 E-08-0. H54E-10-0 .2307E-08 
l 't -o. 7715E-13- o. 102 lE- l't-0. 359H-l 6 -0 .z 402 E-l't-0 .165 H-12 -0 .9586 E-11-l .2584 E-0'}-0. l Ob4E- 10-0. 6124E-12-0. l 869!:- l0 
l 9 -0 • 4902t- 1~-0. 685 3E- 17- C. 2tl SE-18- o. l 701E- l6-0. 12 6 l E-14 -0.6 306 E-ll-(). lt.ll E-11 -0 .1o;:H-13-0. 4395E- l't-0. l 305E- 12 
20 -0.2853E-17-0.4265E-1~-0.l737f-20-0.l080E-l8-0.755lf-l7-0.3661E-15-0.9067E-l4-0.4116E-15-0.2778E-l6-0.8069E-15 
21 -0, l 55H-l S-0. Z441E-21-0.105 7E-22 -0 .6 lOt.E-21 -0 ,420 5 E-19 -0. l9b6E-l 7-0. 4 706E-l!i-O .l 226E-17-0 .1629E- l8-0.4613E-l1 
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2 ':i -0. 164 H-2 S-0. l'• 19E-30-0 •. 6 l l 5 E -3 2-0. lo 0 75 E- 30-0. 222 7E-2 8-0. 65 20E-2 7-0. l6 7 2E-2 5-0.1 001E-26-0.99"4E-26-0 .2 405 E-26 
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6 -o. 268lE-l 3-0 .12ne-1J.-o. 3 l'i JE-16-0. 51;!5E- 18-0. 553Cf- l 8-0. 3C61E-l6-0. l2HE-l't-0.2 600E-13-0 .123'\E-h-o .3 085E-16 
1 -0.4214E-ll-0.1903E-i2-0.456lf-l4-0.7793E-16-0.7541E-lt-0.4400E-l4-0.l847E-l2~0.4069E-ll-O.l841E-12-0.4l97E-14 
8 -0. 5989E-09-0. 2571E- 10- O. 5680E-12-0. 95'i4E- l4-0. 9308E-l't -0 .5666 E-12-l ~24H f-ll-0. 5814E-09-0 .2't96E- l0-0 ~5658E- 12 
9 -O.ll72f-07-0.3056f-08-0.o612E-l0-0.1041E-ll-C.10l~f-ll-0.6411E-10-0.2969f-08-0.7296E-07-0.2969E-08-0.6404E-10 
10 -0.76lOE-05-0.3025E-06-C.6310E-08-0.943tf-l0-0.9293E-l0-0.6151E-Ot-0.2997E-06-0.l824E-05-0 0 2998f-06-0.6ll8E-08 
l l -0. 6306 E-03-0. 232.lf-04- C. 4601E-06-0.6 5 3'.IE-08-0. 6611E-08-0. 4645E-06-0. 2381E-O~ -0 .6 727 E-01-0 .2188E-O't-O ,4620E-06 
12 -O.l655E-01-0.1260E-02-0.2341E-04-0.3192f-Ob-0.3249E-06-0.2414E-04-0.l344E-02-0.4339E-Ol-O.l344E-02-0,2387E-04 
13 -0 .1581f*Ol-0.3654E-Ol- C. 64 OOE-03-0. 8C88E-05-0. 845 8E-05 -0 .683 l E-ll-l. 43H E-0 l-0. l 906h0l-O. 4338E- 01-0 .6 723E-03 
14 -0 .3795 f-01-0 .1260E-02-0.2452E-O't-O, 3503E-C6-0. 3882E- 06-0. 2715E-04-0. l45 7E-02-0 .'t410E-Ol-0 .l'tl2E-02-0 .2540E-04 
1S -0. 5691E-03-0. 223l f-04-0.4 741 E-06 -0 .1365 E-08-0 .996 5f-06 -0 .613 lE-06-0 .3158 E-04-0 .1961E-Ol-O. '.:I066E-04-0.6574E-06 
16 -0 .6605E-05-0. 2125E-06- C. 6204E-08-0. l Ol!IE-09-0.166U-09-0.1 l12E-Ol-l .5011 E-0~-o .1 l62E-04-0 .5280f-06-0.10$2E-05 
17 -0.5930E-07-0.2635E-08-0.64l6E-l0-0.1154E-ll-0.2233E-ll-O.l431E-09-0.6345E-08-0.l't51E-06-0.lll2E-06-0.4333E-04 
HI -0 .45't 8E-o9-o. 2126E-l0-0. 54 83E-12 -o .1107E -13 -0 .108 a E-12 -o .136 5E-l 0-0. l 58 lE-08 -o. l 642E-Ot.-0. l't20E-04-0. 9535E-Ol 
l 9 -o. 30711 e-11-0. l'oB<JE-12- o. 3992E- l 't-O. l 017E- 15- o. 439 5£-14-0. 60l 8E-l 2-o. 1211E-10-0. 753-H-08-0. 6-06 E-06-0 .u HE-04 
20 -O.l646E-13-0.S415E-15-C.2601E-16-0.12't2E-ll-0.1063E-15-0.l463f-13-0.1758E-ll-O.l792E-09-0.1491E-Ol-0,9531E-06 
21 -0 .102oe-1~0. 5502E-l 7- o. 15 llE-16-0. 16 35E- l 9-0. l 9C' (jf-l 7 -0 .2 5'tl E-15-). 295 5 E-ll -0 .2920 E-11-Q. 239H- 09-0. l 506E-Ol . 
22 -0. 5271 E-10-0. 294 H'-19- c. a llOE-21-0. 20 rnE- '1- o. 261~E-19-0. 3445f-l 7-0. 3 913E -15-0 .3990E-ll-O. 3406 e-11-0 .240 lE-09 
23 -0.2475E-2C-O.l459E-21-0.5403E-23-0.l913E-21-0.3723E-l9-0,6104E-17-0.ll30E-l~-O.l 720f-l2-0.2321E-10-0.2126E-08 
24 -0. l087E-2£-0. l631E- 21t- C. lt4BE-22-0. 3 5S2E- 20-0. 734 CE-18-0.1391E-15-0.242:H-13-0 .3133E- ll-O .5 208E-09-0 .6412E- 07 
25 -\}. 4603E-2 5-0. 6!11i•Jf-2b-C. 03 60f-24-0. l 12'JE- 21-0. l'tl 5E- l 9-0. 624 ae-11-0. lO't 6E-l 4- 0 .l b08E-i 2-0. 219 lf-10-0. 260 l f-08 
26 -0.1893E-27-0.llBlE-27-C.2245E-25-0.~524E-23-0.8521E-21-0.1518E-18-0.2479E-1)-0.3655E-i4-0.4874E-12-0.5615E-lO 
U -0. 7611f-3C-O. 2 lZ9E- 29- C. 'tZBE- 27-0. 6 303E- 25- o. 152 2E-22-0. 251HE-2 0-0.4 099E-16 -0 .5 065E-l6-0. Hllf-14-0 .8217E-1Z 
28 o.o o.o . o.o o.o o.o o.o o.o o.o o.o o.o 
tEAD VALUES ICO~TINUEOt i 
31 32 34 35 
l o.o o.c o.o o.o o.o o.o o.o 
2 -0. 8029 E-2 7-0. l319f-28-C .1812 E-30-0. 2 280E- 32-0. 2't90£- Jlt-0. 2509E-36 0. 0 
3 -0. l394E-2 4-0. 2211E-26-0.2 956E-2 a-o. H40E-l0-0. 3592E-32 -o .H6 3E-3't 0 .o 
4 -0. 2322 E-2.;:-o. ?52lE-2'o-C.44 76E-26-0.4'i HE-211-0. 'o%2E-3o-0.4575E-32 O. 0 
5 -0.3660E-2C-C~S2B5E-22-C.6'o05f-24-0.6l86f-26-0.6464E-28-0.5695f-30 o.o 
t; -0 .5390E-l8-0. HlOE-20-C. f553E-22-0. 863'JE-2'o-0. 7653E-26-0.6609E-28 l .O 
7 -O. 7309E-16-0.9560E-18-0.lQ51E-l9-0.10llE-21-0. 87b':f-24-C. 7051E-26 O,O 
8 -0. 8944E-l4-0. Ullf-15-0.1164 E-l 7 -0 .1067 E-19-3 .883 bE-22 -0 .6 794E-24 0 .o 
9 -0 .9609f-l2-0. ll36f- ll-C. ll 32E-15-0.9900E-18-0. 7831E-20-0.5182E-22 ) • 0 
l O -0. 8710 E-10-0. '1764£:-12 -0 .929 l E-14-0. l J 77f- 16-0. 591 tE-1tl-0.4 2 2 7E-20 0. 0 
11 -o. 6249E-C8-0. 6679E-10- C.6017E-12-0.'t 90lE-l4-0. 3641 f-16-0 .z 585E-18 O .O 
12 -0.3079E-Cc-0.3l~OE-08-0.2830f-10-0.22t5E-12-0.ll22E-14-0,lll7E-16 O.O 
13 -0.1960E-C5-0.78l~E-Ol-C.6942E-09-0.bll8E-ll-0.5931E-l3-0.bl65E-15 O.O 
1't -0. 3400E-C t- 0. l392E-06- C. b H5E-08-0. 1 H!E-09-0. 31 1 OE-11 -0 .'*62 J E-13 l .o 
15 -0 .t.582 E-06-0. 12fl6E-04-C.62 C 7E -06- O. l 5 70E- 07- o. 2 812E- 09-0. H4 OE -11 0. 0 
16 -O.'i158E-C4-C.9029E-Ol-0.4061E-04-0.98lbf-06-0.l682E-07-0.2321E-09 O.O 
17 -0 .1879 E-0 &--0. 't6HE-Ol- C. l 876E-02-0.4 3 lOE-04-0. 71 l tlE-Ob -0.955 lE-O 8 l. 0 
16 --0. 4691E-O 1-0 .1542E tOl-0 .4154E-01-0 .9 909E-O 3-0. l 531!E-04-0. 194 4E-06 0 • 0 
19 -0. 1879E- 02-0. lt697E-01- 0.1953 E-02 -0. 4 62l E-04 -0. 799 6E-06 -0 .l 12b E-07 l. 0 
20 -0.4llJE-C4-0.9400E-Ol-(.45C7E-04-0.l28lf-05-0.27bCf-C7-0.4882E-09 O.O 
21 -0. 6HH-Oc-0. l40lf-04-0.ll 12 E-05-0.ll 671E-05-0. "172E-06-0.1C97E-07 0 .o 
~ i -0. 1341 E- Cl-C .tOOlf-06- C. 2225E-04-0.6013E-03-0. 24 7 BE-04-0 .5931 f-()6 l .O 
23 -o. 2t 53 E-06-0. 2041 f-04-0. ll l4E-o2- O. Ht '•f- 0 l- O. 118 EE- C2 -0. 2486f-O't O. 0 
2'o -0. 6621E-C5-C • 5487E-03-0. 3413 E-01-0 .11, 22 EtOl-0. 352 OE-01 -0 .6220£-03 0 .o 
B -0. 2562E-Ot:- 0 .198 5E-04- C. 1097E-02-0. H l 11E-01-o. 11BE-02 -o. 225 lE-'H l. O 
26 -0. 5260 E-0 &-0. 3820E -06-0. l 962 E-04 -0. 5 393E-O 3-0. 20·1, lf- O'o-0.43 7 6E-06 0 • 0 
27 -0. l'dl7E-1C-0.5202E-011-0.2544E-06-0.6453E-05-0.2656E-06 o.o 0.0 
29 0 .o o.c o.o 0.0 o. 0 o.o o.o 
17 
.• 
UPCONEQ VALUES ~T ltf ENO Of TH•S ll~f STEP 
z 3 5 6 1 8 9 10 
. l o.o o.o o.o o.o o.o o.o o.o o.o o.o 
z o.o -0. 19BOE-03-0. 't248E-O 1-0. l J2lfi- 01-0. 41 05f-Ol -0 .13B7E-Ol-l .612 )E-03-0.l825f-Ol-O,1218Et0l-O .3825:-0l 
3 o.o -0. 2H9E-O l-O. l 3HE tOl-0. 5 l IOE t-02- O. l302fi- 01-0. Z O'tOE-01-0. 1938E-Ol -0 .l 259fi"Ol-O .511tl U02-0 .l260E t-01 
4 0. () -C. 6C46f-03-0.'t243E-01-0 .1 323 E•Ol-0 .H 0 lf-01 -0 .1331f-03-0 ,688lf-03-0.3 826f- 01-0 .1259£-tOl-O. 3 760E-Ol 
5 o.o 
,, o.o 
- 0. l680E-04- C. 8028E-03-0. 2 l 5BE-Ol-O. 763 lf- 03 -O. l'o9bf-04 -3. 1 353E-O't -0 .b 885 f-03-0 o l938E-Ol-O o6602E- 03 
-0.2497E-06-0.lll7E-04-0.2740E-03-0.l062f-04-0.4543E-06-0.1569E-O't-0.7687E-03-0.204lf-Ol-O.ll84f-03 
1 o.o -0.2657E-08-0.l214E-Oo-0.279BE-05-0.22~0E-Ob-O.l055f-04-0.7723E-Ol-0.4099E-Ol-O.l233E•Ol-0.4032E-Ol 
0 o.o -0.2655E-l0-0.ll88E-08-0.42'i8E-C7-0.2't't't~-05-0,2478E-03-0.2017f-Ol-0.123lft01-0.5056E•02-0.t233Et01 
'i o.o -o. 22 06E-l2-0. l 29lE-10-0. ·H 3 SE-09-0. •n 7 SE-07-0. 9266£-05-0 .122 4£-0l-O .3 969E-Ol-O .121u.-01,..o ·" Oll E-Ol 
10 o.o -O. l805f-1't-C. l529E-12-0. l 586f-l0-0. l HOE-OB-O.l6Blf-06-l .1H6E-Q~-O .6 769f-03-0.1899f-Ol-0. 7058E-Ol 
. 11 0.0 -o .176 5f-l5-0. 286 7E-l 3-0. lo! l6E- 11-0. 5762f- 09-,0.t>561f-Ol-O. 59"1 f-05-0 .3136£-03-0 .l26·H-Ol -0 .3842E-03 
12 t). 0 -O. l512E-h-O.l l29E-l l -0.2l17 E-09-3,Z'>b1f-01-0.3526E-05-0 .33!>2E-03-0 .2337E-Ol-0.9.t,36fi"00-0.2385E-Ol 
13 0 .o 
14 o.o 
-0. U97E-12- O. 3!>05f- lO-O. 5 885E-06-0. 6 72 Zf-06 -0.1l05.f-H-3 •1143 f-01 -0 .9 2't2fi-OO-O .5186ft02-0 .92'iOE tOO 
-0.1321f-l't-0.1279E-ll-0.202~f-09-0.2812f-C7-0.329if-05-0.ll45f-03-0.22lJE-Ol-0.9247ft00-0.22l7E-Ol 
15 o.o -O.l475E-l5-0.2432E-13-0.3622E-ll-0.4703f-09-0.5207E-07-0.4709f-0>-0.3099f-Ol-O.lll9f-Ol-0.3098E-Ol 
lb o.o -0.2060E-17-C.3194E-15-0.44~0E-13-0,5472f-ll-0.582SE-09-0.50't2f-01-0.lll6E-05-0.l033f-03-0.3.16E-05 
17 o.o -0.22l2E-19-C.3233f-17-0,4262E-15-0.50blf-l3-0,5201f-ll-0.4295E-09-0.2510E-Ol-O.l795f-06-0.2510f-07 
18 o.o -o. l 'JB'tE-2 1- c. 21 l 5E -19-0. 3462E- l 7-0. 3')8 lf-15 -o .3932f-l l-l. Jon E-11-0 .1 71 lf-()9-0 .502lf- 08-0 .1 7UE - 09 
19 o.o -0 .1521E-2l-0.2015f-2 l-O, 24S'if- 19-0. 276fE- l 7-C.2608E-l 5-0. 1952£-13-0 .1028f-1 l-O .2851f-10-0 .1028E-ll 
20 o.o - a. 1C5 ~f-25-0. l l~bf -2 l -O ,l 6 37 E-21-0. l ll lf-19 -O. l 5t. lf-11-0. l ll Zf-15-0. 5 568E- l't-0 .1470f- l2-0. 556 8E-H 
21 o.o -0. 6887E-28- C. 86CCJE-2t.-0.98'i2E-24-0. l00lf-21-0.8t.02f-20-l .5832t-16-0 .2177E-l6-0 .b96bE-15-0 ,2717E- l6 
22 o.o -O.'t217E-30-0.50J7E-28-0.559lf-26-0.54l~E-24-0.4~29E-22-0.2859E-20-0.1295E-18-0.3089f-17-0.l295f-l8 
23 o.o -o. 24"9E-32-0. 2 833 f-l 0-0 .2 986 f-28-0. 2 76 H-26 -0 .2 l 56f-24-l. l 326f-22 - 0 .5 715E- 21-0. l296E- 19-0. 58"3E-2 l 
2'o o.o -0. 1357f- l'o- C. 150 llE-32-0. 15 23E- l0-Q. l H if-2 8-0. l 002E-2 b-0. 5 86 9f-2 5 -0 .2 409£-2 3-0 • 520 lf-22-0 .2 510£-23 
25 o.o -0,1221f-37-C.7705f-35-0.1454E-33-0.b304f-31-0.4475E-Z9-0,2501E-27-0.976lf-26-0.2010E-24-0.1085E-25 
26 o.o -0. l714E-l9- C.l BOlE-37-0. 3524E-l5-0, 2 852E-H -0 .l 914E-11-l. lOH E-H -0. l8't7f-28-0. 7532f- 27-0 •"OOE-28 
21 0 .o -0. l859E-"1-0.162 7E-39-0. l t ''•f- ~l-0. l25<;E-35-0. 8ll>lE-34-0.4158E-3Z-O .1 't19f-lO~O ,276lf-29-0 .J 766E-l0 
28 o.o o.c c.o ~.) o.o o.o 3.0 o.o o.o o.o 
,,, ···- ,.~ 
. Ul'CUNE.U VALIJfS ICONtiNliiHHi 
11 12 l3 14 15 16 11 18 19 20 
l O.O O.Q O.O O.J O.O O.O O.O O.O O.O Q.O 
2 -:J.6554E-03-0.e153E-C5-0.8125E-Cl-0.6861E-09-0.5094E-ll-0.3414E-ll-0.2101E-l>-o.1216E-ll-0.6639E-20-0.8112E-22 
3 -:J. 1881 E-0 l-0. 2l46f-01-C .ZOOOE-05-Q. I 593E-07-0. 112 CE- 09-0. 7 I 19E-12-Q. 4111E-14-0~2 266 E-16-0. ll 91E-18-!l.l071 E-19 
'4 -O.blt33E-O.?-O. l993E-t5-C. l957E-01•0.& 112E-09-0. 4917E-ll -0.3332E-l 3-~ .2353E-15-0.2193E-l1-0.10't9E- 18-0. l 814E- l 7 
5 -0 .122 5 f-0.C.-0. l62H-06- 0.17l3E-08-0.1525t:- 10- O. ll 93E- 12-0. l ll lE-l lt-O. 5465 E-14 -0 .2 804£-15-0 .16l7E-l6-0 .3268 E-15 
6 -0. l 456E-~ 4-0. 2 C51E-06-0.2 2 29E-08 -0. 2 Ol 9E-l O-O .16 2 2 E-12 -0 .4 505 E-13-0 .93 l lE-12 -0 .4 5 70E- l 3- 0 • 2550E-14-0. 5 334E-l3 
7 -0. 7426 E-0 :!-0. 'i934f-05- C. l 046E -06-'l. 9 l66E-09-0. 72 2 4E-ll -0 ,6609E -11-J. 14~ 5E-01 -0 .6 666E- ll-O .3663E- 12:-0. 8029E- 11 
8 -0.2017f-01-0.2416E-03-0.2485E-05-0.2CS3E-C7-0.1732E-09-0.~701E-09-0.2044E-Ol-0.9160E-09-0.4763E-l0-0.l093E-OO 
'> -0. l639E-03-0. l045E-04- 0.112 SC:-06 -O.l 040 E-08 -) • 21 8 5E-08 -0 .986 7E-O 7--0. 241 lE-05-0 .1050E- 06-0. H62E-OO-O. 12 90E-06 
10 -0 .1441E-04-0.2l29E-C6- C. Z5 3 7E-08- :> .2 6 l3E-08-0. 18 7<.iE- C6-0. 9300E-05-0. 2 509E-Ol -O .1OOSE-04-0. 491lE-06-0.l242E-04 
11 -0.6498E-05-0.8160E-07-0.2l91E-08-0.l563E-06-0.122EE-04-C,6777E-03-0.2011E-Ol-0.7l9lE-03-0.343ZE-04-0.9390f-Ol. 
12 -0 .3533E-0?-0. ?880E-05-C. S516E-C7-0.6679E-05-0. 581'iE-03-0.3620E-Ol-0.125l EtOl-0 .3 888E-Ol-O. l647E-02-0.5041E-Ol 
13 -:J.ll43E-Ol-0.1104E-03-C.Z296E-05-0.170lE-03-0.l648E-Ol-O.ll93E•Ol-0.~756Et0~-b.1211E•Ol-0.4216E-Ol-0.15l8E•OJ 
14 -0. 3215E- 0-0. 3'i09E-05- C. 01 OlE-07-0. 5 863E-05-0. 52 84 E-03 -0 .3363E--01-:J .121lEtO1-0. 356lE-O1-0. 1453E- OZ-0. 4797!:- 01 
15 -0 • 4 8l 7E-05-0. 5"7 lE-07- 0. l't 50E- 08-0. l 0 HE-06- O. 8 791E- 05-C. 5245E-03-0. l 7l 6 E-01 -O .5 64 lE-O 3-0. 2554£-04-0 .8 U JE-03 
16 -0.5lllE-C1-0.tZl2£-09-0.l760E-10-0.12~1E-~8-0.10ClE-C6-0.5798E-05-0.1173E-01-0.6224E-05-0.3094E-06-0.966lE-05 
11 -0. "334 E-0 c;- O. 5509E- ll- O. l 136E-l 2-0. l l 17E ,.-10-c. 932 lE-09-0 .5125E-l7 -l • l 4!> 5 E-05-0 .5 539E-O 7-0. 2 982 E- 08-0. 9 228E - 01 
18 -0 • 3110 E-11-0 .4085E- l3-0. l HBE-14- o. 9 H <;E- 13- o. 741 2e-11-o. 383 5E-09-0 .1034 E-01-0 .4255 E-09 -0 .2450 E-10-0. l't 76E-09 
l'1 -o. 1961E-13-0.2741E-15-0. l 051 E-16-0, !> BOH-15-0. 504 3E-l3 -0 .2 523E-ll--O .64HE-l J-0 .2 fllOE-11-0 .11sae-12-o. 5 22 lE- ll 
20 -0 .114 lf-15-0. i706E- i 7- o. 6S49E- l 9-0.4? 2 lE-1 7-0. 3023E-15 -O. l't6 4E-i 3-0. l621E-12-0 .l 646 E-13-0. ll ll E- l't-0. l22BE- l3 
21 -0.6207E-l8-0.977iE-20-0.4228E-21-0.2523E-19-0.l602E-17-0.7864E-i6-0.l882E-l4-0.8904E-16-0.6515E-17-0.1845E-15 
22 -0.3138E-20-0.5223E-22-0.2403E-23-0.1)74E-21-0.8118E-20-0.3927E-18-l.8938E-11-0.4493E-18-0.3542E-19-0,9650E-18 
21 -0. 1506 E-2 2-0. 2640E-24- 0. l 290E-2 5- O. 1Ot5E-24- o. 42 ti'tE-2 2-0. l 815E-20-0. 3 93 OE-19 -0 .i 142E-20-0 • 1181 E-21-0 .46 HE-20 
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SUMMARY AND CONCLUSION 
The present study developed a computer program in FORTRAN IV for 
modeling two-dimensional unsteady flow of freshwater in a confined, 
isotropic/anisotropic, homogeneous/heterogeneous aquifer which is under-
lained by a lens of saltwater. A one-dimensional transport theory is 
coupled into it for predicting the location of the interface. Finite-
Difference techniques are used to approximate the partial differential 
equations, and the resulting matrix problem is solved using Alternating 
Directional Implicit Procedure. The model developed is reasonably 
compact, efficient and economic to use for simulation purposes. The 
program is very flexible in nature and is written in the form of a sub-
routine which is believed to be easier to call from an external source. 
The program can be used for either simulation only or for both the simu-
lation and upconing of saltwater underlying the freshwater. The program 
has many options in it and is programmed in such a fashion that it leads 
the user to a sure way of better conceptualizing the problem and its area 
of occurrence. The model was applied to the Yukon well field of Oklahoma 
which is the main source of municipal water supply to the city of Yukon. 
Suggestions for Further Work 
A basic lack in the present study is the right way of model appli-
cation. Generally speaking, a model has to be calibrated with at least 
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5 to 10 years of past records. Due to unavailability of such data for 
the Yukon well field, calibration of the model for the area was unsuccess-
ful. For this reason and many more, the following are some of the sug-
gestions for future work in the same area. 
a. Calibration of the model to verify its validity. 
b. Experimental verification of the model for upconing of salt-
water; this can be achieved with the help of a viscous-flow 
model study in laboratory. 
c. Examining other available methods (such as line-successive over-
relaxation, Strongly Implicit Procedure, etc.) for solving the 
matrix generated by Finite-Difference Technique in order to 
find the best method of solution for the groundwater flow 
equation(s). 
d. Examining other available numerical techniques (such as Finite 
Element and Boundary Element) applicable to this type of solu-
tion to determine the most convenient technique of solution. 
e. Incorporating a two-dimensional transport equation into the 
present model to achieve a better prediction of saltwater inter-
face. 
f. A three-dimensional case may be considered for further detailed 
study. 
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NY =TOTAL NO. Of NOIJAL pOINJS IN Y-DIRECTlllf~ C =NRt 
NSTf P =TOTAL NO. Of T IHE INCPEHENJAL STEPS 
NITER =HAXIHUH r1::1. Of ALLOWABLE ITERATIONS PER TIME STEP 
El<liCF =MAXIMUM AHOwABLE ERROR LIHIT fOR EACH NODAL VALUE 
OELT~l=fNlllAL TIHE INTERVAL 
T IHE II'= A MlJll IPL I ER f-OR INCK EAS tNG EACll Tl ME S TEI' 
TliEP =REl'l'.ESEtlTAlllE POllOSITV Of THE MEOIU"I tlN fR~CTIQl'U 
OENSF =OENSlTY RATIO l=flHSHWATER OHSITY/U.-S.ALTWATEI< DENSITY)) 
BET.A •A fRACT IONAL VALUE USED FOR CALCULATJNG ntlCKNESS 'lf FIUSH-
WAU:R IONE 












IEQll =INDICATOR 10 SHnw 
IEQY =JNCICATOR TO Stfl~ 
ISCT •INOI CATOR TO StiJW 
IHOHXY= INl>JCA TOR TO SlflW 
IHCHX •INDICATOR TO srow 
IHOl'Y •INUICATOR TO SHO...i 
ICCN =INOfCATOR TO SHOW 
IECSS •INDICATOR TO SfO~ 
EXISTS (=lt 
IPR 11\T= INOICATOR TO StiUW 
Al<E CES IKfC C•l I 
If fQUAl I NC RE Ml: NT IN X-uiRECT ION 1=1 l 
If EUUH INCREMENT IN \'-~IRECTICN l•l t 
If ISOTROPIC CONOITllN EXISTS ("11 
If HCHOGENEOUS IS THE WllCLE OCMAIU l"l) 
If EQUAL PER11EAIHLI TV It: X-DlhECTICI\ l=ll 
If f(.lJ.U PERMEABILITY HI Y-illRECTION C= U 
If CONFINED CONDITION EXISTS t=ll 
If EQUAL STORATlVITY COtlOlllON 








lt-OHN•INDHAH1R TO SHll!I If EQUAL llEAO/ORAhO{lWN EXISTS 
THROUGH OUT THE fLOW-FJELO t=l) 
IOISCt-=-TOTAL NO. Of.GRID POINTS AT .. tHCtlNET FLUX JS NClT ZERO 
IUPCCf\•INDJCAJOR TO stow If UPCONING IS TO BE ESTIHATED l"ll 
llRA"S•lNOICATOR TO SHO~ If UP~O~ING lS TO BE ESTIMATED BY 
TRANSPORT THlORY ONLY l•tll ,OR, BY HUS~AT APPROACH C~LY 




































PVC I, JI 







I Pl LI 
JPCU 




•SPATIAL JNQlEHENTS IN X-OIREC TION CH4XH. "t-ICI 
-SPATIAL INCREMENTS IN V-OIRECJION CHAX~. = NRI 
"PE:RHEAlllLllV/TllANSHISSIOILITV Cf' POl"IT 01Jl IN X-Olf\CN. 
=PE RHEAD IL ITY/TPANSH JSS 'Bil HY Of POINT I I 1 JI J~ Y-OIRCN. 
•SATURATED THIC~NESS Al lHE POINT lloJI . 
•Sl'EClflC Sl0RAGE/STOR4GE COffflCJcNJ Of POINT Cl1JI 
alf'HRAULIC tfAO/OIUWDOWli Of POINT Cl1JIAT TllE STAl\T C.»' 
TIME STEP 
=NH FLUX AT PO INT 4 11 J I ;tVE fOH OUTfLUll & -VE fOR INFLUX 
•NO. Of PUMPS 
sNll. Of TIME INCREHEIHS PER PUHPAGE CHA~GE 
"NlJ. Of RATfS Ii"~ ?UMPltiG SCHEDULE 
PUX1'1. L "NP I 
I HA XM. K •NR Tl 
IMAXH. H•MCHI 
RHfml•IJERAllUN PARAMETERS 1'1AXM. N•LNTI 
Hlll 1 Jl=HVURAULIC hfAC/(RAWOOWN Cf POINT 11,JI AT JHE ENO Of 
THIE STEP/I 1ERA llul\I 





OEGINING Of ITERATION 
=TOTAL HMf COVf:ltEO IN OA\'S/VfARS SINCE fliE Bf:GJNING 
{jf SIMULATIC"' 
•A COUNTER CEhOTING T~E NLHBER Of JTERATJONS COMPLETED 
= ITl:RAT JUN PAf(AHETER "RllOP& NI 
•LARGEST EfRUR E~CUUNTfRED IN A SINGLE ITERATION 
········~~··~·········*···················-~·~·•*••··~~··········· PfA[ ~NO WKITf All ThE P4RAME1ERS RE~UIRED. 
REAC (IN,901 I NX,NV,NSfEP,NITER, ERROR,DELTAT, TIHEJr-1, TtiETA,OENSf, 
• 6ETA1LNT 
lf(t.X.U.NC.OR.NV.Gl.NRt GO TO 868 
NVl •t.V-1 
l~Xl .. t-;X-l 
l\EAC c IN,902 I IEQX, IHIVt ISOJ, Jtmtxv, IHOHll, llillHV, ICON,IEQSS, 
i IHDRON.IPRINTt IOISCH, IUPCON.JTRANS 
If I IEC:X I 10, 10 1 20 
10 REACClt.,903 t &OELXlp, !=1 1 NX 
GCl lC 40 
20 RE AC I INt 904 I PIJ'IH V 
00 30 J::l ,NX 
30 OEL)lll"'Oll-IMY 
'oO If I lfC:V I 50, 50, 60 
50 REAOUN 1 903 I HJELYIJl 1 Jal 1 NY 
GO 10 00 
60 REA[ UN, 904 I llJMHV 
00 10 J•l,UV 
10 DELV(J)aOUMHY 
EID If I ISCT I 66 1 86,8 l 
El If U HOHXV I 82 ,tl2, tilt 
82 REAOCJN,9031 qpXCl,Jtd"'ltNX t1J•ltNY t 
00 83 J=l ,UY 
00 E ! I" l ,ti X 
113 PYll,Jl•PXll,JI 
GC 1C 160 
t4 REACI IN,~041 OUMHV 
00 85 J,.l,NY 
oo es 1=1 ·'"' 
PXl l 1 Jl=OU'IHV 
05 PY I 11 J I" DUMMY 
GO 10 160 
Eb lf&U·JMXI 90 1 90,100 
90 REACCIN,90:il llPXll.Jft l"'ltNX l,J,.l,NV I 
GO lC 120 
100 REACUN,9041 OUMHV 
0( 110 J"l, NY 
DC llC l=l,NX 
110 PXlltJl=OUMHY 
120 lfll~C~YI 130,130 1 1~0 
130 REACllN,9031 l1PYll,Jltl"l1NX l,J::l,NY I 
W TC 160 
140 REAttlN,9041 DU'tHY 
DO 150 J•l,NY . 
DO 150 l"' l,NX 
150 PYll,Jl•OUHHy 
160 tFllCC~I 110,110,180 
170 REAClli'i,9031 llBTll,Jlrl"ltNX ltJ•l,NY I 
GC TC 200 
16C DO l<;O J•l1NY 
DO lc;C I= 1, tlX 
190 ET I I, J I= l .o 
C READ THE INITIAL ~EAO G OTHER PAPAMETER VALUES FDR EACH NODE. 
200 If I IEUSS I 201, 201, 2C2 
201 IHACUN,9031 41SS4J,Jl,J;<l,NX f.J=l1NY 
Gil 10. iO't 
202 REACllN,9041 OUMMV 
D[ 2C3 J•l, NY 
DO 203 1-1,NX 
20 3 SS I I 1 JI• DUMM y 
20't lf(l~t~ONI 20512051206 
205 REAIHIN,9031 llH(l~Jjtlal,NX ltJ•l,NV I 
H TC 2011 
20~ READtJN,9041 DUHHY 
DO 207 J-1,NV 
DO 207 1-1,NX 
201 1111 t JI -DUMMY 
206 DO 209 J-1,NY 
1)(2091•1,NX 
20'> Qll 1Jl=O.O 
REAIHIN,9051 llPtKl1JPtKl1Q(IPCKltJPCKll1K"ltlOISClll 
C FEAO FUMP PARAMETERS AND PUHPU~G SCHEDULE • 
RE AD' IN, 90£> I NP IN SP ,NR T 
00 210 I• l, NP 
210 REAOll"lr9011 IPCll,JPlll.CPCl1Kl,K•l1NRTI 
C REAC CATEGJkY HAP PRINTC~T PARA~ETERS :: 
c 
REA[ CIN,90u I HCH.C CAT 2C 111 CAT lt 11, I• l,HOU 
lfllPRINT.NE.11 GO TO 220 
C WRITE #LL TH INPUT PARMtETERS READ liEfORE. 
c 
.,R ITEIJUT ,9511 
~ 
WRl1EIJUI,'J52) 
WK I TE COU T , 9 l- 0 ) 
tlX1 I\'(, NS TEP tN IT ER 1 El\R OR t DEL TAT, THIE I Ht Tllj:T ~ 1 DENS f, 
DETA,lNT 
IEOX,JEC.l'c,ltlOHX¥1 lllilHX1ll-O~Y.ISOT1ICCtl,IEQSS 




lllR STHOUT 1'J531 
WRITEICUT,'154l (()flXI It• l=l,NX 
WRllf(OUJ,~551 IDELYCJJ~J•l1NV 
WRITECOUT,95L. ~P1NSP1NRT 
00 211 1,.1,NP 
211 WRllECLlUJ,957' IPCll1JPUJ.CPtJ1l<l1l<"l1NRTJ 
WRITECCUJ,'1561 HAT2411,CAll(ll•CAT2Cl11CATlCll1l'"l1HCHt 
WRJHH!UJ,959J 
'20 If I ICLIN.NE. 11 GO TO 88!> 
c ···············*·•················~····•••*•••·················· C ~Ul'EPICAL SOLUTION SC~f.,E STARTS fROH HERE. 
c ·~·······•*·····················••*••••························· TlHf•O.O 




XVAL=Pl*P I/ 12 .•NX+~XI 
YVAL .. fl+Pl/12.•NY+NVJ 
XVMa 2 .-XVAL 
YV/' 3 2. -YV Al 
00 230 l•l,NXl 
DO l30 J•l,HYl 
lfCfX(l,Jl.EQ.o •• oR.PVU,JJ.EQ.O.t GO TO 230 
. 
XPA R 1 • 1. / ll • ~Oft_ X C Jl '"'* 2 •P VI I , J l I &OH Y CJ I** 2 + PlC I I , JI I I 
Y PAfil = l ./ Cl • t DEL Y f J to 2+P X( I , J II COE~ XI ' J•t 2•PY U, JI 11 
Xf=Xllill*XPART 
Yf='t\oAL•YPARl 
liH IN• lllUNl Ctilt IN, Xf 1 VF I 
Xf=llllt'UPART 
Yf• 't'\H •YPAk T 
HHAX"' ~MAX 1 ( H't AX, X f, Yf I 
230 CCl\1 ltiUE 
ALPHA•fXPIALOGIHHAX/HMl~J/ILNT-llt 
R~OF U l•HHI N 
00 240 NTIHE•2,LNT 
240 Rh Cf INT IHEI "R~UP INT IH E-1 l•ALPHI\ 
llRITEIOUl ,9701 UH, llWOFIJlt l"'ltl''HI 
c ----------------------------------------------------------------------( CALCULATE TH FLUX I: l'ERHEA61llTV t-uNCHONS THOSE WOULD 6E 
C DIRECTLY CUNTROLL(NG ltE NUMERIC~L SOLUTJJ~ SCtEHE. 
( ----------------------------------------------------------------------
00 27C l•l,NXl 
.... lil 
DC 270 J"l1NYl 
FP><ll,Jl .. O.O 
f PY .. I J I .. 0 • 0 
.. 
JfCP><Cl1Jl.EQ.O •• ANC:.rxc1l1Jl.EQ.O.~ GO TO 250 
f PX & 1, .JI" 2. •PX C I , J UP lq I It JI I 
• IP X I lt J I• C EllO U l tP X 4 I I , J H•OEU(I I I 
2~0 JJ•J•l 
IFCPY&J,Jl.EQ.O •• ANC:.PYU,JJt.EQ.O.t GO TO 260 
f PY Cl ,J)::.2. •Pvt I, J l'*l'Y I l1JJ ti 
• CPYll,J)•OELV&JJ)tPVU,JJl•OELYCJ!l 
260 SSCJ,Jl=ISSI l,JH-TtETA*OENSf 1•7.'t8 
OUfl~V=OELX&ll•OELYIJt 
f p x ••• JI" f p x I I I JI •OUHH y 
ffY 11,J l .. fpy C l 1 J l•DlliMY 
SStl ;Jl•SS( I 1Jl*OUfln 
270 HU .. Jl•Hll,JI 
( 
DEll•l.O 
DEL TA•OEl TAT 
Kl" l 
c ----------------------------------------------------------------------( HOOH SIMll. ATION STARTS FROM tiEKE 
( ------ --------- -------- ---- ----------------- ----- ------------- ----- --
00 600 ISlEP=l,NSHP 
IFINSP.EQ.NSTEPI GO TO 300 
c 
C ENTE~ PUMPAGE SCHEDLLES. 
( 
Z~•llSTEP-1.01/NSPtl.O 
lfl Zl<-K 11 :;oo, 2t1C, HO 
280 CC 290 K•lrNP 
l"'IPIKI 
J"' J p &Kt 




DO 310 J .. 2,NYl 
co :no 1 .. 2,Nx1 
















ITER.6Tl0NS PER EACH T lHE STEP BEGINS HERE. 
nett .. HERtl 
DC HO fa2,NXl 
00 330 J= 21 NVl 
OL I l1 J I• HLC J, j I 
lfC~CCllTEk,LNTll 340,340,350 
Nlt1"'0 
f\l H• t-IH1+ l 
FAH,.t:liOP CNTHI 
f" o. c 
........................... '!' ...................................... . 
X-OlflHHON SwHP ST,<\RJS llERE llSJ. S\olfEPI ; 
······················~~··~·····························~··~···· 00 390 Js2,NV1 
jj .. J-1 
JK .. Jtl 
CO l<>O 1:2, NXl 
8Cll"O.O 
GCll .. O.O 
11=1-l 
11< ... lt l 
lfl(fPXCl,JhfPY(l,Jlt.EQ.O.,ANO.SSCl,Jl.EQ.O.j GO TO 350 
A 1 •ff X 111 , J I/ DEL X C l I 
42•fPXll,Jl/OELXlll 




8 D" Ill • A2 t2 • •SSC I , JI tt1 J f 2. 
CC.,-A2 
DD" .Al• till II I, J It HI 11, J I I tA z+ I Ill I IK, J l HI Cl K, JI I 
DO .. DD t C l • HI l 1J , J J I t 11 l I , JJ I I t C 2 • I HL l I , J K It HI I , J K 11 
DQ=OO-lAl tA2tClH2l*Ulll J, JI tHI 1,JI1-2 .•QI I ;JI 
CC= 00 I 2. •SS 11 , JI >t 0111, J 1-til C It J l I 
Wli•Ol!-AAf 81111 
81 1 l•CC/WW 












OJ 3'iC Ja2,NX1 
N:oNX- .. ·l 
lfltfPX(N 1 JltfPYlN1Jlt.NE.O •• ANO.SSIN 1 JJ.GE.O.t Gu TO 370 
HA:oO .o 
GC TC 380 
H '4=G ltd -0IN1 • llBP 
tiUN1J l•tll JN,J Ht<A 
HBP•l-.6 
CONl INLf 
········~························································ Y-Ol~ECTION SWEEP STARTS HERE &2NO. SWEEP) : 
.............................................................. 
DO '930 l• 2,NX l 
11•1-l 
fKs It l 
00 '900 J .. 2,NYl 
BIJl:oO.O 
GIJl.,0.0 
JJ .. J-1 
Jl(;;;Jt l 
Jf(CfPX(l,JhfPYH1JU.Eu.o •• ANO.SSll1Jl.EQ.o.1 GO TU ft()O 
Al "'ffX Cl J, J ti DEL X t 11 







OC,.Al•tHL U l,J hHI 11,Jt ltA2*HL( IK,JhllUK,Jt I 
00=00 tCl * 111 LI I, J JI t H I, J.H hC 24< t Hl I I, JK I •HI I, JK I l 
OO=OO-IAltA2tCltC21•1HLll1JltHll1Jll-2.*Q(l,Jt 
CC=COt2.•SS 11,Jl•U·(l,J t-HLC l1JI I 
WW=-1!1!-AMl!IJJ I 
8 I J l "'CC/WW 
GIJ) .. IOO-AA¥GIJJtl/~W 
itOO CONT JNUE 
HBF•O.O 
00 '930 J .. 2,l'l'l'l 
N=NY-Jtl 
lfllfPXll,NltfPYll 11\U.NE.O •• ANILSSll1Nt.GE.O.I GO Tn 410 
HA" 0 .O 


















GO 10 lt20 
t-A" ( lN l-tl &N l•HDP 
Hl&l1f\l=HL(,,Nl•t-A 
HBP .. HA 




····················································~··········· .. CHECK HIE ERROR IN m•s JTERATION r. ALSO CHECK lllE NIJ. lf 
IJERAl IONS CUMPL ETEO. 
........................... , ........••.........•.......•....•....• 
JFtE-ERRORl 'o6Q 1 'ttc 144C 
If( IT El'-N IT ER I 320 i't50, 450 
WR I TE fOUJ ,911 I IT ER 
ITESl= l . 
CO '970 I= 2, NX l 
DC 410 J .. 2, NYl 
Ht I , J 1 =HL (J , JI 
W R IT E f CUT , 9 1 2 l I S T Ep 1 0 El TAT, T Hh: , E 1 I lE R 
Ofll .. CELTAT 
CELTAl=OELTAT*TIMEI~ 
PllltHOUT CAT EGOkY MAP : & 
WRl1E&OUT,LJ731 
00 500 J,.l,NY 
OQ 491 1=2,NXl 
00 480 MK=l 1MCH 
If &tit J,J I tC AT llMK JI 480 1 4901 490 
C Cf\ TI f\UE 
ROWUl=CAT2(t-1KI 
w R IT E 'OUT I 9 74 I J I I Row ' I I .... 1 'N x JFIJSTEP~NE.~STEPI (0 TO 511 
PRlNlOUT HEAD VALUES :: 
ISEQ .. INH91/10 







OC 510 J" 11 NV 
WRJlf(CUT,9781 J1Hll~Jltl"lftRST1ILASTI 
( ••••'11••••··········~··················,····"•••••••ii•••••••*••••• C UPCCNING ESTIMATION fOR TllE llHE STEP. 
( ····························••••'II••••*•························· 5ll JfalUPCONI 595,595,515 
B5 lflllliANSI 5.20,520,!40 
520 CO 525 J=l,NY 
DC 525 1=1,NX 
525 UPCU1Jl•IUl1Jl*DENSf 
WRITE COUT r9t131 
Wli I 1f IOUT ,'I 79 I 
C PRINTOlT CATEGORY HAP FOR UPCONEO SURFACE 1; 
CO 526 J"lr NY 
00 521 1"2rNXl 
PO 526 MK-1, M(M 
lflUPCfl ,JI tCATlCHK l•PENSfl ~26, !27, 527 
526 CCNl INlE 
527 ROWalt•CAT2tHKI 
526 WRITEILJUJ,9741 JdRCWUld'"l1NX 
ffllSTEP.NE.NSTEPl (0 TO 540 
C PRIUCUT UPCONEO VALUES fOil HIE TIHE STEP. 
ISEC,. lf\X+9)/l0 
00 !]C H:ol,-aSEQ 
IF ll<SJ= CH-1 IHO+l 
l LASl=f'!•lO 
IH ILAH .GT .NXI HAST-N)I 
lflH.EC.lt WRITEIOUT,960t 
If t"4.G J .l l WHI TEC OllT 1 961) 
WK I HI ilUT , 9 77 I C I , I"' If IRS T, I l AST I 
(;!:: 530 J:l,NY 
53C WRITEC:)UJ,9781 JdUPCll1Jlol•lflflST,JlASTI 
540 CCNT INIJE 
C i.RJ TE tCUJ ,9112 I 
C INCLUllE AT HUS LOCATICJN THE TRANSPORT ESTIMATION ••• 
595 lflllfST.EIJ.11 GO TO 9999 
t:OO CChl lt-UE 
c ----------------------------------------------------------------------
( FOIHUT ST AT EHENTS 
c ----------------------------------------------------------------------( 
C All INPUT tORMAT STATEMENIS ARE LISTEO HERE 
c 
901 FOllfUT&413d>f8.0, 13 I 
~02 FORMAll1012,1312121 
903 FUHIT UOF8 .o I 
904 FOllMATIF6.0I 
'.iC5 FORIUTC51 n,1x,n,ix,fa.ou 
906 FO~l'ATl3131 
'.iC 1 Filll1'4AH213, 2X,l':lf8.ct I 
908 FORHATCl211~1Al,f5.ci,112x,131A1,f5.0lll 
c 
C All (LTPUT FORMAT STATE~ENTS ARE LISTED HERE 
( 
'.i51 FCftlHUltl,//1///1/////, 
9~1 FORIUHlHl 1 //,35X, 1 PIUNlllUT Of All TliE INPUT PARM4ETERS.•,J,35X, 
A •-------------~----------------------• 1 / 1 5X 1 
8 •NX "'1,13,/,5><,•Nv "'•,q,1,5x,•NSTEP" •.i1,1, 
c 5X, 1 NITfR .. •,n,1,sx,•fRROR ... 1El2.'t,/15X1 1 UELTAT= •, 
D El 2. 4" , 5)(, 'l I HE IH= • ' fl 2. 4, '• 5X, 'T liE TA " I 'E 12. 4 I /, 5 x, 
E • 0 Etl Sf " ' • E 12 ~ 4 ,/. 5 l(, • 6 E l A "' ' • E 12. 4 I I '5 x. ' LNT "' I ' 
f 131//I 
952 FCl'l'll(5X, 1 JfQX ='rl2r' C= l,IHANS EQU4l GRID-SPACINGS IN 11 
A 1 X-Dll<ECTION,OTUERWISE UNEQUAL GRU:S ARE USED)!,I, 
8 sx, 'IEQV "'.121 I , .. 11HEANS fQUAL GIUO-SPACINGS IN., 
C 'Y-01RECTION 10THERWISE UNEQUAL GRIOS ARE USEDl',/ 1 
0 5X, 1 IHOMXVa 1 ,12,' I" l1IHANS HOHOGcNEOUS IN ALL'• 
E •oun:CTHlNS,UTHRWISE HTEl<ilGENEOUS CONDITION EXISTSI•,/, 
f 5X, 1 1110HX ='tl2 1 ' I" lt14EANS HCHOGENf!lUS COMITION IN'• 
G 1 X-0 IRECT ION ,OTtfRW ISE UE TEROGE t.EOUS CONDIT I CN EXIST St' ,/ t 
H 5X 11 ltiOHY "', 12 1 1 I= l,1HAt4S HOHOGENE'lUS COULll Tl(.IN IN 1 1 
I •Y-DIRECTlO~,OHIERWISE UElEfWGENEOUS CONCITICN £x1srsa•,1, 
J 5X 1 1 ISOT "''1l2e' I" l1MEANSISOTR1PlCCONIHTlON 1 , 
K tfXISlS,OT~ERWJSE ANISOTRCPICJTY PREVAILS!•,/, 
l 5X 1 '1CDN "'.12 1 1 '" l,HfAtlS CONFINED CASE CONSIDERED•, 
M 1 1UTHERwlSE UNCOl\flNEO CONDITION fXISlSI 1 ,/, 
N 5X,'IEQSS = 1 ,12,• I= leMEANS EQUAL SJ·JR.4TIVl1Y IN•, 
0 •wt-JJLE FLOW IUMA lNrHtlERwJSE NOT fQlfAU 'I 
960 fOlll'AT (5X, 1 ltORON=•, 12, 1 ,., l,tlEANS EQUAL llEAO/ORAWDUWN I I 
Q 'lllRllUGIOUT TliE flfl0 1 0lliER~ISE EQUAL VAlUES EXISTI' ,/, 
R 5X,'IPRl'H= 1,J2,t I= l,.>tfANS PRINT'lUT llf l\ll Hie INPUT 1 1 
S 'PARAMETERS IS OfSIRfO,JTtiERWJSE Ntlll'1/1 
T 5X, 1 1DISC1i='1l31' llNOICATES TOTAL NO. Of NODES tlAVING '• 
U 1 NCtl-lE~D Nfl FLUXI',/, 
V 5X, 1 1tJPCiJN"',J2, 1 1•1.Cf UPCllNING ESTIMATICI\ IS•, 
w 1 0ESIREO,OHffit.dSE NOTl'1/1 
•' 
X 5X, 11TRANS=•,12,• l=tl,Jf UPCONING IS TO BE ESTIMATED 1 ~ 
v •ov TRANSPORT HEOHV ONLV; 1,/,lJX, ·- o, If RV H!JSKAT '• 
z •APPROACH ONLVi' ,/rl7ll,'"'-l~lf ·ev O')Jtl .APPROACHES)•, I) 
~53 fC!lHAT 15X, •SPACIAL INCiEHENlS P ,n 
'ii54 fCl'l'H '5x,• IN X-OJRECT JON •••• ,,, 12x, l3f6.0tl 
555 fORHAl C5X, 1 fN V-DIRECUON.~·'11rl2X1llf6.JI) 
'i56 fCFHHl5X,•NO. Of PUHPSs•,n,1,5x, 1 NO. Of TIME ltlCREHENTS PER•, 
t 1PUMPAGE CHANGE••113rlr5X 1 •~UH8ER OF RATES IN PUMPING•, 
5 1SCHECULE .. •,n,1,sx, 1 pUtttilNG SCHEDULES GIVfN 6ElOW :;:• ,n 
957 fOl'fllll5X,213.10ClX,ElO.'t)J 
S5E f0RHATl5X, •CATEGORY PRINTOUT LEliENO : 1 1/11 
• C2X,A2, I If HAO lS GREAlcR THAN OR EQUAL rn• ,f8.2J t 
S511 f(RHHUH11/115X, 1CATEGCRV PRINTWT LEGEND (llEAOIORAWOOWNt : 1,1ox, 
t 'CATEGORY PRINTOUT LEGEND WPCfitlEO SURfAC!:t : 1 ,II, 
$ 15ll.,A2, 1 If tifAO IS GREAlER THAN OR EQUAL T0 11f8.'t,BX, 
5 A21 1 If llPCONE IS GREATER lHAN OR. EQIJAL TC OENSf•l<l,f8.41 t 
'159 fCRHATllHl,/1135X1 1 PRINTOUT Of HIE RESULTS. 1 ,J,35X, 
• ·-----------------------
1 ,111 
S70 f01il',IJC5Xil 312X1'N•J. Of JTERAUOt. PARAMETEKS AS fOLL~S :•,/I, 
• 5X,lOClX1 Ell.SH 
':i71 fOl'HHC/r5X, 1 NO. Of ITERATIONS EXCEEDED THE LIMIT SPfCIFJEll',/t 
'i12 FORMAT j5X, 'Tl~IE SJEf';I d5,lOX,-1UELT/\T• 1 ,fl0.4 •' O/\'l'S' .iox, 
• 'i IMt:••,f10.1i, • OAvs•,1, 
t 5X, 1 t:RIWR IN HE SJLUTION • •,EU.5tl:IX, 
$ 1Nll. Of llfRATIONS COVEH.fll "' 1 ,0,lt 
':173 fORHH C5X, 1 CAT HOkV HAP PRINTJUl t HEAO/ORAWDUWtl t :t 1 It 
SH f(ll~Al C5X,l'to2X,50A2t 
975 FCHHTC/////,5X, 1 HAO VALUES AT ltlE ENO OF nus HME STEP ;1,JI 
'i76 FCllftHt5x,q1EAO V_,LUESlC!lNlfNUEDh 1 1 
sn FfJIH4Alll'tX,13,918X,13tl 
':i71l FOi'~ IT CSX, Ll12X.l0Ell .It I 
'i79 f01ll'.6TC//,5X, 1 CATEGORV MAP PlllNHUJ' UPCO~ED SIJEfACE ll 1 ,/t 
980 fCl'HH (// 1 5X, 1 UPCONED VALUES AT lllE ENO Of TIH S TIME STEP :• 1 /l 
S8l f(flfofll5X, 1 UPCONH VALUES CCONTIMJEDt:'l 
SE2 fORM,,Tl/15X, 1 UPCONl~G HERE IS ESJIMATEO av ONE-CIMENSIONAl •, 










····-·-·-:.. .. :.:..-.-:;.;....:... ........ . 
eea WRllEIUUT.~911 ~c.~R.~X.NY 
991 FCPHATl//,5X 1 1 WARNING ;; ERROR OCCUREO AT TrlE STC:P Of OIHErtSION', 
$ 1 CHECKING' r/15Xr'OIHENSION DEFINED Fm TllE ARRAVS IS '• 
$ 13,•,1,11,1tsx.•01MHISION READ FOO HIE Af<RAVS IS 1,13, 
$ 1, 1 1 13,1/I 
RETUFN 
885 WR 11 EIOUT ,992 I 
992 FCFM,Tl//,5X, 1 S0RRV SIR/MADAM THIS PROGR~H CAN ~OT HANDLE '• 
$ 'UNC(NflNEC CASE FOR SIHULATJCN. 1 ,1,sx,•1F you JESIRE TO' 
$ 1 'llAVE CONFINED CASE SOLLTION HIEl'i OEFl~E THE VALUE Of 1 1 




INPUT CARD FORMAT 
110 
MCM, CAT2, CATl, CAT2, CATI., •••. 
FORHAT 12 13 Al FS.0 : CA'l'EGoRY P 
NP, NSP, NRT FORMAT (313): PUMP PARAMETER CARD 
FORMAT (10F8.Q): N)DAL VALUE CARDS 
PX (I,J) or DUMMY; BT (I,J) or DUMMY; H .(I,J) or DUMMY; 
py (I,J) or DUMMY; Q (I,J), I, J; SS (I,J) or DUMMY 
FORMAT (lOF8. Q) : SPATIAL Il1CPJ'.X4ENT CARDS 
DELX (I), I= 1, NX or DUMMY 
DELY .(J),, J = 1, NY or DUMMY 
IEQX, IEQY, ISOT, IHOMXY, IHOMX, IHOMY, ICON, IEQSS, IHDRDN, 
!PRINT, IUPCON, I TRANS FORMAT (1012, 13, 212) : o::Nl'ROL CARD · 
NX, NY, NSTEP, NITER, ERROR, DLETAT, TIMEIM, THETA, DENSF, 
BETA, LNT FORMAT {413, 6F8.Q, !3): ClIB:K CARD 
GENERAL FORMAT OF INPUT CARD SETUP FOR THE MODEL 
APPENDIX E 
INPUT CARD DECK 
112 
l1 28 15 20 lf-5 5f 0 12E-. j f- l • El oco 5 
' 
• l 0 0 Q l ) • !I 1- • 
•8f I 
•&El 
Of 0 ot: 0 OE 0 Of 0 Of 0 OcO OE C: Of 0 OEO OE o 
OEO Oi. 0 OE 0 OE 0 Of 0 Of 0 OE ( at: 0 OEO Of 0 
OfO oao Of 0 OE 0 OE 0 OfO Ot; C oeo Of O OEO 
OfO Ot:O OfO ot: o OEO OfO OE C Of:O :CllE2 21!f2 
21f2 2H: 2 J.lf .2 .26£ 2 26E2 26E2 l6C: 2 2 6E 2 26f2 l6£2 
26f 2 2bc2 26£ 2 .2Cif 2 26E2 .26f2 26E 2 2 6E2 '6E2 26f.2 
26E2 l6c2 0::6£ 2 .26£ 2 26f 2 2 C.E 2 2 t>E £ oHiE2 :.i6f 2 .26£2 
:.!6f:Z 2bfl 21) t: 2 OEO OlO l8f2 28f 2 21.::2 2H2 27f2 
2n2 26E2 2bf 2 26f 2 l6f2 26f2 26E :.i 2 6E 2 2H2 26E2 
.26E2 26E2 2CiE 2 26f 2 26E 2 2bf2 26E £ 2 6"2 :116£2 26E2 
26E2 .260:2 2bf 2 26E 2 26£2 26E2 26E;; 2 6i 2 2pf2 26£2 
01:.0 Ot:O 291:2 2ilt:2 28E2 211:.2 .2 7t: 2 2 7t2 27 f.2 2bU 
26£2 26E2 26C:2 
" 
26f 2 2H2 2bf2 26E 2 2 6: 2 4i:oE2 26E2 
26f2 J.6i:Z 26f2 26£2 26£2 26E 2 lbf 2 2 c.f 2 £6c2 26£2 
26£2 .161!2 2bE 2 26E 2 2tiE 2 2bf2 26f 2 a::.o Of 0 29£2 
29f.2 4:\JE 2 2tlf 2 2cU~ 2 27E2 27f2 21.; 2 2 6E2 26E2 26f2 
26f.l 26c;2 26t 2 26t: 2 26E2 26£2 26f 2 2 cit:: 2 ~6E2 26E 2 
26E2 26E.2 26£ 2 26E 2 2cif 2 26£2 26f 2 2 6f2 26C:2 26f2 
26f2 <i:bC.2 26f 2 lbE 2 OE 0 Uc 0 2 'ilE :i 2 9E 2 4:9f2 29E2 
29£2 lilt: 2 2tlf 2 211f 2 21E 2 21f 2 ;nE 2 <! (Jf2 2bt2 2bf2 
26t2 2i>.;2 26t:2 2.:.e 2 2 61:. 2 26t:2 2 cit ;z 2 bf 2 "26 t:2 26t:2 
26£2 .lbf2 26i: 2 26E 2 26f 2 26E 2 2 o: 2 <10: 2 26f.2 26E2 
26t:2 flli" 0 11E 0 28f. 2 :.tllE 2 2t1E 2 2t1E 2 ;.! llE 2 ;<9f2 29E2 
~9E2 2tlf 2 <!6E 2 211£ 2 21E2 27E 2 2 7E 2 2 t>E 2 26f 2 f!6E2 
2bf2 26c.2 2tif 2 26c 2 26E2 26i2 261:: 2 2 6f2 26f.2 26E2 
l6f 2 <16"2 2t.C2 26E 2 26f 2 26f 2 2bE;; 2 61: 2 OE 0 OE 0 
26E2 26c2 2bt 2 27f 2 211E 2 2ilc2 2~f .. 2 9t: 2 4!9E2 211f 2 
26E2 281::2 27f 2 2JE 2 27E 2 HE2 HE c lbf 2 4:6E2 26E2 
26£2 2bi;2 2tiE2 :0:6f. 2 26E2 201:2 26C:: 2 2 6c2 2bf2 26t:2 
26t:2 :.!bd 26E2 2bf 2 O:bEl clC: I) OI: ll ;n~2 .:4E2 l5E2 
26El! 26E 2 2H.2 2u:2 28E2 2'JE 2 29E; 2 !IE 2 :&II E 2 211f 2 
211E2 21~2 27f 2 27f 2 27E 2 Vf2 2740' ;.: ft 2 '6E2 26E2 
4:6f2 :.!bf 2 4:6t: 2 26E 2 26E2 26t::2 2bc 2 2 tic: 2 26 t.2 26E2 
26[2 <tut:2 oc a 111: 0 22f2 2 Jt2 24f2 2 4E 2 :i•E2 <:Hl 
25f2 26C:2 26f 2 Hf 2 2df 2 2!1t::2 2 ':It: 2 2 ';It: 2 • 211 .::2 2dE2 
28£2 2ilt: 2 2i1E 2 Hf2 llf 2 2 lf. 2 2 7t. :i <I lt: 2 6;6f2 26f2 
26f2 ;.!tit: 2 2t>f 2 26E 2 26E 2 4!6E2 26E 2 2 6f 2 26E2 Qf ol 
oi::o 221:2 22t. 2 22f 2 2 2t:2 22E2 2 JI:. 2 2 •1'2 2H2 2H2 
25£2 l6il Uc2 • 2Jt. 2 2ilE 2 26C: 2 2 !If 2 2 ": 2 2!1E2 2BE2 




28E.2 26Ea 27E 2 2lf2 HE l 27E2 21.:. 21t. 2 ;;:7 £11 2H2 
2f>t2 20.::2 26&:. 2 2oc2 21>f2 2oE2 Oti c Of 1) 22E2 22E2 
221:2 ;n;;; 2 nE2 22E 2 nt:2 22E 2 2 lE 2 :n:2 24 c2 2• E2 
25E2 :l5li2 2bt: 2 27E 2 26E 2 2\IE 2 29f. 29.f 2 :i6E2 26E 2 
2&E.2 28c2 27E 2 :ne 2 27E.2 27E2 2 7f' 2 7f 2 47f2 27t:2 
271::2 21.::2 2H2 OEO OEO 22E2 22E 2 2 2E.2 22E2 22E2 
22E2 2 lf i 2 tE 2 <qE 2 22£ 2 22C: 2 2 JE:.i 2 li 2 24E2 24E2 
25E.2 Mc2 27f 2 26f 2 29f 2 419f 2 2 \IE 2 2 llE 2 ;ltjf2 211f 2 
:i:7E2 HE:l 27E2 27E 2 27E 2 27f 2 l lE' 2 7t 2 21f2 27f2 
OE.O l)fl.) 22i:2 2H2 24lf2 22E2 2 2E 2 2 lt2 :.?lf2 21t2 
2 \E.2 HC: 2 22..:2 :.Z.JE 2 HE2 2·4E2 2 •C: 2 2 5:; 2 25f2 26t: 2 
21f2 211; 2 29f2 l0f2 J Of2 JnE2 .JOE' l~2 ~9f:ii! 211f 2 
211E2 2tic 2 :.!7E. 2 :i:7E 2 27f 2 21.::2 Hi. 2 Ci I) •>f 0 22f2 
~2£2 u:2 22E 2 2Ui2 2 lf 2 2 i.: 2 l 1E;; 2 li:.l 21 t.2 22t2 
22E2 Hc2 ;uc: 2 lJE 2 24E.2 Hc2 2 51£ 2 2 :5E2 2bf2 271' 2 
:il6E.l 29C:2 lOf 2 HE2 llf 2 HE:il l4E2 llEl J.H2 laf2 
l2f 2 Ht:2 32f 2 l2E 2 OE 0 Of 0 2 2E' 2 2f 2 22e2 2lf2 
:;: lf 2 4 lE2 2 lE 2 2 IE 2 <laf 2 ;;i IE 2 2 2.::;; 2 2E:il 22t:il 22f 2 
23l2 2Jt2 2Ji2 24f 2 25f2 25f2 26E 2 2JU :.:11f2 29f2 
lOE2 J2E2 JlE.2 Hf 2 :hE2 HE 2 HE :ii l 1: 2 l2E2 l2C2 
32£2 oc:o llf 0 22E 2 22E 2 lli2 l lE 2 2 1e 2 2lf2 2lf2 
HE2 He 2 2lf 2 2 lf 2 :il2f2 22f 2 2 lf. 2 JC 2 :Clf2 HE2 
241 f ii ;i;i:;z 2'>f. 2 26E2 21f2 2111:::2 2 9c' l OE2 l2t:2 llf2 
]4£2 HE 2 ]!it 2 HE 2 HE.2 Hc2 .J 4E 2 l •::ii Of 0 OE 0 
22f 2 211£2 2 lf 2 llf 2 2 u: 2 2 IE 2 2 lf. 2 1E 2 :otE. 2 2tf2 
2 lf2 221:'.2 22f l 23£ 2 2JE 2 Hf2 2 .. : 2 2 4E 2 '5f;i2 25E2 
2~£2 :.! 61£2 l7E2 28f 2 2 9t:2 .Sot;! .J It 2 ::ui;2 ]5E2 J6E2 
Hf:il l7c 2 lt>E2 Hf2 l5E;? Of 0 OE C 2 lC 2 21e2 211: 2 
2 tl:il 2lE2 2ll2 2 lf 2 2 lf 2 2 lf 2 2 lf" l 2C:2 <i2E2 a2ea 
22f2 BE<! 2.lE 2 2lf 2 2U2 HE2 2 5C. ;ii 2 5E l 25E2 26E2 
:i!7E2 21h;2 ~~E 2 ]QI;; 2 Hf2 l .Jii 2 hii2 l bii2 36t2 l6f2 
l1E2 3H2 flE o oi: o 2 af2 2 11:2 2 1£ 2 2 It: 2 2&E2 2 ae 2 
2 lf 2 211:: 2 21i: 2 22t: 2 22E 2 22f2 2 2E 2 2 2f2 '2f 2 2JE2 
2lE:il 2lf 2 ;i4E. 2 24E 2 25f 2 25f 2 2 6£" lbE2 :i1E2 4:8E2 
2Yf2 Jo.: 2 llf 2 JlE 2 Hf2 .J6f 2 l6f 2 .J cc 2 .fo1£2 Of 0 
OfO ;u.:2 H c 2 2 IE 2 2 lt::2 2 lt.2 2 lt: 2 2 1&: 2 2lE2 2 IE2 
22E2 .a.:2 l2E :ii 22E 2 22f 2 2lE2 2 Jt 2 2 J; 2 2u:2 2H2 
25f2 4!5E 2 2~C: 2 2bf 2 2bf 2 21.:2 2 &E :< 28f l ;:9.::2 l0f2 
J2f 2 Hc2 l~E 2 J6E2 l6E2 J6E2 Of c Cf 0 '1E2 '1lf2 
2tE2 :ll~2 21 L :ii 21 f: 2 2lE. 2 2 lc2 2 tE :< 2. 2f 2 221:2 22E2 
22t.2 ac2 2H2 22f 2 23f2 llt: 2 2 lE 2 :ii •• 2 2H2 24£2 
25E2 2~f2 2tlf 2 26f 2 27f2 27E2 2 de :t 2 8C 2 :.:'Jf2 j()f 2 




. . ........ ~ .. ". , ..... ... --·-~'--~ ... -· ----· ~-· 
2 tE2 .un 2 lE 2 22E 2 2 lf 2 22f2 2 2a 2 2 2: 2 22E2 22E2 
22E2 lH2 2lC:2 UE 2 2 JE 2 2•.::2 2 •i' ;ni::2 25E2 25&:2 
25E2 l6t:2 26f 2 27f 2 27E2 26E2 28E 4 .I St 2 3Qf2 l2E2-
OtO 01:0 211;2 21 t: 2 21E2 211:2 2 ai: ;i 2 IE2 2tU 2U:2 
22E2 22t:2 22E2 22t2 22E2 220 2 2f 2 2 2: 2 22£2 2lf2 
23f2 2Je2 2H2 l•f 2 HE2 2!if 2 2Sf 2 2f.E 2 27E2 2tif 2 
21f2 l7f2 21lt: 2 2ar: 2 29E2 JOE 2 l &E ~ OE O OEO 2lf2 
21E2 21E2 2 lf 2 21C: 2 2 IE 2 21E2 2 lf 2 2 2E2 22E2 22t2 
22.E2 22.::2 22f l 22f2 22E2 22E2 2 :Sf 2 2 k2 2H2 2lf2 
24£2 2•ea 24E 2 25E 2 25E 2 25f2 26E 2 2 6E2 l7E2 27E2 
I 211E2 211.::2 211E 2 29E 2 UE 0 OtO 2 &E 2 2 le 2 iilf2 21£2 
211:2 211:2 21t2 211: 2 221::2 22E2 2 2f 2 2 2E2 22f2 22f2 
22E2 22:::2 :22.: 2 22E 2 23El 2lE2 2 lf. 2 2 :s; 2 2te2 HE2 
2H2 25t:2 25E 2 2Sf 2 26£2 2n2 2 7f ~ 2 lt: 2 :<JE2 28t2 
211t:2 Oc O Oc 0 2 lf 2 2 lf 2 2 lf 2 2 lf:; 2 li 2 21E2 2lf2 
2 tt.2 l2t2 i:2t2 2U.2 22E2 22E2 2U2 2 2f2 22t2 22E2 
22£2 Hc2 2lf 2 :.!Sf 2 2U2 lJE2 2 4E 2 2 ·= 2 24E2 25f2 
25E2 2!ii 2 26E2 2of 2 Hf2 27E2 2 7f ;; 2 8' 2 OEO OE 0 
OfU Q;OO llE 0 oc 0 OE 0 OE 0 Of' a: 0 OEO Of 0 
OEO QI: 0 Uf 0 OE Q 01.: 0 OEO Of C Ot. 0 Ot:O OfO 
Ot.O OcO OE 0 Oc O llEO oi: o Of C Of 0 OEQ Of 0 
ot 0 o.:: I) l)t 0 Oc 0 OE I) Ot: 0 
lE-3 
OEO 
• 3 !le• !I l 9t:• !I II Iii:. 9 ll lk." l7 13 9f .. 
21 ll a.o; 211 ll 12t:. 32 Ill Ui5 l~. 2t 91:.• 
l Hi 
• • ()cO .. Qf \)Q .lf-'IA 5E - "ti lE- :SC !if- 30 1E-2E 2 E-2f 5E-2G 1 E- ~11 lE- IJ 2E-U 5E• l 175E -2 
2 lfO l l ~ l • 14 l:. F.• l '> l IJ f- l ti 2f07 lf 011 •c O!I 'ho 
.... ;.:--:;.··::-·· .. 
'l· 
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